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Outline

* Markov models

 Hidden Markov model (HMM)

* Forward-backward algorithm

* Viterbi decoding (dynamic programming)
 Hidden semi-Markov model (HSMM)

* HMM with dynamic features (Trajectory-HMM)
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With a first order Markov model, the joint distribution of a
sequence of states is assumed to be of the form

T
P(s1,89,...,87)=P(s1) H P(s¢|st-1)
=2
and we thus have
P(St|817 S2y - St—l) — P(St|8t—1>

In most applications, the conditional distributions P(s;|s;_1) will
be assumed to be stationary (homogeneous Markov chain).
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Markov models - Parameters K possible states

The initial state distribution is defined by

K
[; = P(sy=4) with ) II; =1

1=1

A transition matrix A is defined, with elements

a;;j = P(siy1=7|5:=1)

defining the probability of getting from state ¢ to state 7 in one
step.

. : K
Constraint: each row of the matrix sums to one, > jo1@ij=1.



We define the state space to be all the words in English or
some other language.

The marginal probabilities P(s; = k) are called unigram
statistics.

For a first-order Markov model, P(s; =k |s;q =7) is called a
bigram model.

For a second-order Markov model, P(s; =k | sp1 =7, St.0 =1)
is called a trigram model, etc.

In the general case, these are called n-gram models.



Sentence completion
The model can predict the next word given the previous words
in a sentence. This can be used to reduce the amount of typing

required (e.g., mobile devices).

Data compression
The model can be used to define an encoding scheme, by assigning
codewords to more probable strings. The more accurate the

predictive model, the fewer the number of bits is required to store
the data.

Text classification
The model can be used as a class-conditional density and/or

generative classifier.

Automatic writing
The model can be used to sample from P(sq, s, . .., S¢) to generate
artificial text.



SAYS IT’S NOT IN THE CARDS LEGENDARY RECONNAISSANCE BY
ROLLIE DEMOCRACIES UNSUSTAINABLE COULD STRIKE
REDLINING VISITS TO PROFIT BOOKING WAIT HERE AT
MADISON SQUARE GARDEN COUNTY COURTHOUSE WHERE HE
HAD BEEN DONE IN THREE ALREADY IN ANY WAY IN WHICH A
TEACHER ...

Example of text generated from a 4-gram model, trained on a
corpus of 400 million words.

The first 4 words are specified by hand, the model generates the
5th word, and then the results are fed back into the model.

Source: http://www.fit.vutbr.cz/~imikolov/rnnlm/gen-4gram.txt



dels

A Markov model is described by @™ = {{aw}] L ILYE L where

the transition probabilities a; ; are stored in a matrix A.

The maximum likelihood estimate (MLE) of the parameters can be
computed with the normalized counts (details in Appendix)

A N; . Ni ;

1. — -
1 K Y 1,] K
Zkzl Ny Zkzl N

These results can be extended to higher order Markov models, but
since an n-gram models has O(K™) parameters, special care needs
to be taken with overfitting.

For example, with a bi-gram model and 50,000 words in the dictio-
nary, there are 2.5 billion parameters to estimate, and it is unlikely
that all possible transitions will be observed in the training data.
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In a Markov chain, the state is directly visible to the observer
- the transition probabilities are the only parameters.

In an HMM, the state is not directly visible, but an output dependent on the state is visible.

Initial state: All
we know is that

The transition probability represents the change of the
Start weather in the underlying Markov chain.

60% of the days _ _ _
: Here, there is a 30% chance that tomorrow will be sunny if
are rainy on .
today is rainy.
average. S
Hidden
states
# - /
/ \ "’3 :':h':“:,_h@ﬁ ’ \ll_]_
N7 T A
ol \ ':' 4 0.
\ ,3 Observed
output
’ (emission
probability)
Image adapted from Wikipedia




You can think of an HMM either as: The emission probability represents how

e a Markov chain with stochastic likely Bob performs a certain activity on
measurements each day.

if it is sunny, there is a 60% chance that he

is outside for a walk. If it is rainy, there is a

50% chance that he cleans his apartment,

etc.

* a GMM with latent variables changing
over time

.
Hidden
states
; \ S - y -
M b Observed
‘ "\ / . output
’ (emission
probability)
Image adapted from Wikipedia 11
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Inference problems associated

Probability of an observed sequence

P&p) =P(&, &, ..., &) < Useof forward variable

Probability of the latent variables

e Filtering — Useof forward or backward variables

Plsi|€1y) = Plsi| €1, Enr .-, &,) < forward comp.

e Prediction

P(SH—l | €1:t> — 7)<3t—|—1 | €1> 627 SR 7615) — forward COIND.

e Smoothing —  Forward-backward algorithm

P<St ' €1:T) — P(‘St ‘ €17 627 R 7€T)

e MAP estimation —  Viterb: decoding
P(‘SLT ‘ 51:T> — P(Slv S2y .+, ST ‘ 617 527 R 7£T)



Discrete tables

—@>

V1l V1|
v v B
vl v

Emission/output d

-

Gaussian distribution

~

istributions in HMRKM

Mixture of Gaussians

—@

N

L 4

GMM with latent variable z; depending
on the conditional distribution P(z:|z;_1)
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1.1

matrix structures in MM

a1,3 Aai14
a3 A2 4
a33 a34
a43 Q44

g 3 0

asz 3 a3a4
0 4 4

1.1 a1,2]

az1 d22
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HMM is used in many fields as a tool for time series or sequences
analysis, and in fields where the goal is to recover a data sequence
that is not immediately observable:

Speech recognition Cryptoanalysis

Speech synthesis Activity recognition
Part-of-speech tagging Protein folding

Natural language modeling Human motion science
Machine translation Online handwriting recognition
Gene prediction Robotics

Molecule kinetic analysis

DNA motif discovery " AW
Alignment of bio-sequences (e.g., proteins) 0‘{\} o‘\,\,\qﬂs"'
Metamorphic virus detection N\U\NQ

Document separation in scanning solutions



mples of application ¢ Observation
st Hidden state

Automatic speech recognition

¢t can represent features extracted from the speech signal, and St can represent
the word being spoken. The transition model P(St|St-1) represents the language
model, and the observation model P(&t|St) represents the acoustic model.

Part of speech tagging

¢t can represent a word, and St represents its part of speech (noun, verb,
adjective, etc.)

Activity recognition
¢t can represent features extracted from a video frame, and St is the class of
activity the person is engaged in (e.g., running, walking, sitting, etc.).

Gene finding

¢t can represent the DNA nucleotides (A,T,G,C), and St can represent whether we
are inside a gene-coding region or not.
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eters

@ {W B> _}_K From now on, we will consider
is His & fi=1 a single Gaussian as state output

"™ = {{@i,j}K [, gy, ity mi=1 _/

j=1>

GMM 1 @

115

a2 1
HMM 41,1 C" -‘D (2,2
a1.2

11 |
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Useful interm

[ Forward variable

Backward variable bt = P&rr | s1=1)
HMM

Smoothed node marginals Vi = P(St:i \ €1:T)

Smoothed edge marginals 22{“;:73(515:2', se1=7 | &1.7)

18



HMM

t—1,5 Ajyi

t

3

) N (€| e ) with o' = T N (€ | s, 5)

STATE

OBSERVATION, !
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&?,%IM — P(St :iv €1:t>

The probability to be in state 2 at time step ¢ given the partial
observation &,,=4{&,&,,...,&,;} can be computed with the
forward variable

O‘?,Bzm — P(St:ia §1,82, - - 7€t) — P(St:ia flzt)
which can be used to compute
P<St:i>§1:t) _ O‘?,%M
P(&14) Dy o

P(‘St:i ‘ 61:t> —

The direct computation would require marginalizing over all
possible state sequences {s1, s9, . . . , 5¢_1}, which would grow
exponentially with ¢.

The forward algorithm takes advantage of the conditional
independence rules of the HMM to perform the calculation
recursively. 20



The recursion can be derived by using the chain rule and writing

K S¢ Oyj 51 /—\52 /\53 54

P(‘Sta £1:t> — Z P(Sta St—1, €1:t) : ' g l i
(a,b) = s nm O 0 08 O

(bla)P(a) "
— Z P(gt | Sty St—1, £1:t—1) ZD(Sta St—1, él:t—l)

-

N

St—lzl P(St | St—17£1:t—1) P(St_l’€13t_1)

Since &, is conditionally dependent only on s;, and s; is conditionally
dependent only on s;_1, the above relation simplifies to

i{?(st | s¢1)

si—1=1

P(St—la 51:75—1)

Plst,&1) = P& | 50

P(&,|s:) and P(s; | si—1) are the emission and transition

probabilities — P(s;, &) can be computed from P(s¢_1,&1.4 1)
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&?%M — P(‘St:iv €1:t>

Plst, 1) = P& | st) Z P(se|se-1) Plsi-1,€14-1)

St_lil

The forward variable can thus be computed recursively with

Q?I\;M (Z @?Ml\f,] ay. z) N(gt l 228 Ez)
S3 S4

S1 S2 ~

1\
by starting from i g g z
§1 O& Oé O

O‘T%M I1; N(€1 | 1, 27;)

It can be used to evaluate trajectories by computing the likelihood

g i @HMM Z &HMM
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HMM

t—1,5 Ajyi

t

3

) N (€| e ) with o' = T N (€ | s, 5)

STATE

OBSERVATION, !
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Low inf Eamnce of transition ?mbahﬂ ities
?ZQbamE ities in HMM

{
e

HMM HMM
atz ( Qy_ 1,9 aj, ’L) gt ‘ /*Lza )

1 .0 .06 .06 .06 .06 1
¥y
1 ‘

06 .06 .06 .06 .06 94 ¥ 94 94 94 Wog
Learned transition probabilities Transition probabilities manually set

Fadda e, . Fadtin
%%- . The color of each datapoint L TR
z‘ 5 corresponds to the value :_'?.E.: '
F# . of the forward variable @ E

i ' - i 1- ; g | ’ - i * :;" g
& o .L N ..,',_ , . el ; .
‘ ot = Bgd
l -%’f-ﬂ -'32.' u’ -\I's.-u:-o f. y -::,:q.:-:’.:_"_r.'t‘;‘:'__‘...-
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Useful interm

Forward variable

[Backward variable e = P& | st=1) ]

HMM

Smoothed node marginals Vi = P(St:i \ €1:T)

Smoothed edge marginals (¥ =P (s=i, su1=j|&1.7)

25



HMM

ti P(€t+1:T | s¢=1)

Similarly, we can define a backward variable starting from

HMM:1

T

and computed as

ti ZaznytJrﬂMja i) By

corresponding to the probability of the partial observation
{£t+1, .., & 1, &7}, knowing that we are in state ¢ at time
step .

26



ti

K
Zai,j N(£t+1‘ i, Ej) 5
j=1

By 4ot

HMM

t+1,]

STATE

LV Y N

OBSERVATION, t
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Useful interm

Forward variable

Backward variable bt = P&rr | s1=1)

Smoothed node marginals ”yfffM = P(St:i \ €I:T)

Smoothed edge marginals ('} ="P(s=i, su1=J | &1.7)

These variable are sometimes called "smoothed values" as they
combine forward and backward probabilities in the computation.

You can think of their roles as passing "messages" from left to right, and from
right to left, and then combining the information at each node.

28



v = Plsi=i| &)
" =Plsi=1,€14)

b P(&i1r | st=1)

ORO)
&4
()
& ® ©

t=1 t=2 t=3 t=4 t=5 t

|
o




de marginals Yt =Plse=i|&r)

Given the full observation & = {&,&,,...,&p}, the probability of
&, to be in state ¢ at time step ¢ is .
P(St —1, €1:T)

= Pl i) = =g

Pla,b)="P(bla)P(a)~ P& | s1=i) Plsi—i) P(b‘CL):Z(é)
Conditional independence P(ger)
m; propery \: P(&1s | se=1) P& 10| se=1) Plsi=1)
P(&1.r)
P(a,b)="P(bla)P(a) N P(si=i,&1,) P&y | si=1)
P(&1.r)

api = P(si=1,&14)

ti' = Pl&ir|si=1)

k:]. 30



v = Plsi=i| &)
" =Plsi=1,€14)

b P(&i1r | st=1)

ORO)
&4
()
& ® ©

t=1 t=2 t=3 t=4 t=5 t

|
o




Useful interm

Forward variable
Backward variable bt = P&rr | s1=1)

Smoothed node marginals Wf}m = P(St:i \ £1:T)

Smoothed edge marginals 22{“;:77(515:2', Se1=7 | &1.7)

These variable are sometimes called "smoothed values" as they
combine forward and backward probabilities in the computation.

You can think of their roles as passing "messages" from left to right, and from
right to left, and then combining the information at each node.
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Smoothed edge marginals (" =P (5=, 511=J|&1.1)

(=)
)

(=) ®—— (=)
~.

@ BTG ®

t=1 t=9 t=3 t=4 t=6

| K :3
|
I
S] [
|0iibi(0'+|) :‘-‘
| I 9’
I (2]
| 2| 9’
a,(i) :
=1 L l | t 41 t+2 { &
| l 1 1 | |
=

{ 2 3
OBSERVATION, !



eg& azgin&?% Cf ﬁl (St:%Sm:f \51:T>

Given the full observation & = {&{,&,, ..., &7}, the probability to
be in state ¢ at time step ¢ and in state 7 at time step t+1 is

tHf? = P(si=1,841=J | &1.1)

P(si=1,811=7,&1.7)
P(b‘a) — P(a,b) J 7D<€1:T)

af™ ai; N (&l py, B5) By

K K
kzl lzl At apy N (&l 1, ) B,

Note that we have Yei = Zf( 1 C;Hf\&/ﬂ\]/[
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edge marginals (/= P(s=i, sta=7|&1.7)

@ @
)
O

C-+_
I
e
o~
I
)
™~
1
IS
H..
|
g
C*
I
&y
a8
|
@)

Qi Qi (€t+1| ks j) B

HMM

t,1,] K K
> Qy o Akl N(£t+1| 228 l) 5ff“1“z
k=11=1

ai; N (&l pj, 25) B
P(&)
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K Gaussians
M trajectories

The expected complete data log-likelihood is Tm points per traj.
M T,

9(0,0™) = Z Z log P(&,,+, 5| ©) l £ ld} Similar to
m=1 =1 Markov models
IE ;| log I1; +ZZE iilloga; ;

1=1 j5=1
Similar Tm K
toGMM |4 S: Y P(si=il&,,,0™) log N(€,, |1, Z)

m=1 t=1 i=1

with expected counts given by

M M
= Plsmi=i]&,. ") =>4,
m=1 m=1
M T,—1

M
5 3D SE N TNSTIINCRES o Src

m=1 t=1 m=1 t=1 #



K Gaussians

M trajectories

By setting Tm points per traj.
6Q(@) @old) aQ(@7 @old)

=0 =0
5’HZ (9@2-,]-

a result similar to the case of Markov models is obtained.

The maximum likelihood estimate of the initial state distribution
and transition probability parameters can thus be computed with
the normalized counts

o BIN] O EWN] . EN]_E[N

COYLEN] MY S RN, BV
M T, MOT,

with =3 Plone=i1€n, 0" =3 >

__d
t=1 mzl t= .

—_
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K Gaussians
M trajectories
I'm points per traj.

M Total number of times
I D om=1 Tmli in i at time step 1
’ M ~ Total number of trajectories
M Tl i Total number of
Zm:1 t=1 Cm,t,i,j transitions from 1 to j
i < = : —
b ZM Tl A Total number of times in i
m=1 £ut=1 " Imty (and transit to anything else)
HMM 1 8Q<@7601d) —
% Zm 1 Zt 1 Tm 11 m,t i By Settflg ow,; =0 and
Hi Z Z HMM 89(5);) ) =0, a result similar
m=1 t=1 fym,t,i [ : :
to GMM is obtained.
HMM T
> Zm 1275 1 thz( ,t‘#i)(fm,t—ﬂi) j
72

Zmzl Ztiﬁ Vit .i
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K Gaussians
M trajectories
I'm points per traj.

ZM HMM
1. m=1"Tm,1,i These results can be formally
! M retrieved with EM (also called
Baum-Welch algorithm in the
M S context of HMM).
Zm:l t=1 Cm,t,i,j
7,] Wi T 1 oo The update rules can be
Zm:1 t=1  Tm,t.i interpreted as normalized counts,
with several types of weighted
Z 1 Zt 1 'VHM? averages r.equired in the
m.t,1
[ m= computation.

Z Zmzl Ztiﬁ 7’11%\4247,

M Tm HMM
Zm:1 thl Vm.t.i <€m,t — Hi)(fm,t — Hi)T
M T auwm
D m—1 2 i1 VYt

Ei<



For long sequences, the forward and backward variables can quickly
oet very low, likely exceeding the precision range of the computer.

A simple scaling procedure is to multiply o4 by a factor inde-
pendent of ¢, and divide f5;i™ by the same factor so that they are
cancelled in the forward-backward computation.

The computation can be kept within reasonable bounds by setting

the scaling factor
1

K HMM
D e Qi

Ct —

40



w issue in §

- ZK . This issue is sometimes not covered in
L7 textbooks, although it remains very
important for practical implementation

. . |
We have by induction S Rl
t T
A HMM HMM DHMM HMM
i = H Cs | Qi > Pri — H Cs | Pt
821 s=t

With this, the numerator and denominator will cancel out when
used in the re-estimation formulas. For example

HMM AHMM 1T 'mel HMM QHMM HMM QHMM
fyHMM _ at Pt _ (--—[82168>( —[S—tcs) Oét 1 at t,1
to —

Zé\é MM/BHMM (17_:22168)<17'5 tCS) E&HMM 21\];11\/1 Z&HMM HMM
k=1

41



did we introd
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uce these
ariables in HNMNM

\ '/
@ .
- Forward variable
(%)

<

=

Backward variable

b= P(&ii1r | st=1)

o~
I
(=2

Smoothed node marginals
Vit = Plsi=i]&y.r)

o~
I
(=2

Smoothed edge marginals

tH,lf\LA,l\jA :7)<5t:i7 St+1:j } £1:T)

42
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How to estimate the parameters of an HMM?

— Maximum of expected complete data log-likelihood Q(©, ©)

09 09 8Q 8Q ?
=0, 2==0, §2=0 and $g =0

How to compute

HMM

— Requires to compute Ctjw = P(St:i, St1=J | 51;T>

— Requires to compute ;" = P(si=1|&.7) maxQ(O, 8*)
®
HMM HMM
How to compute ¢} and ;"™ 7 tig Vi
— Requires to compute o = P(s;=1, &) @?MM s
i k)

— Requires to compute 3{%* = P(&;, 1.1 | st =1)
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Most probable explanation

Ior

imum a posteri

Max

Pyvthon notehook
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Maximum a posteriori _ Most probable explanation

The (jointly) most probable sequence of states §"*" is not necessarily
the same as the sequence of (marginally) most probable states §*™

AMAP

8" = arg max P(s|€)

{81,82,...,ST}
HMM HMM HMM

Y1 Y2 YT

~
9

gre {arg max?D(Sﬂé, arg maX?D(82|€) .., arg max?’(sﬂ@}
S1 S9 ST

AMAP

§"" can be computed with the Viterbi algorithm, employing
the max operator in a forward pass, followed by a backward pass
using a fast traceback procedure to recover the most probable
path.

AMPE

§"" can be computed by replacing the sum operator with a max
operator i ™" . .
Vi T P(si=1|&1.1)
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Ot = maX(5t—1,j aj,i) N(€t| i Efz)

J

\Iftz' — arg m?X(5t_17j CLj)i)

Sp = Wign, gpar
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Initialization:
Uy
Recursion: 5 t,’L
\¥
. . ~“MAP
Termination: S T
_ AMAP
Backtracking:

Here, 0;; = max P(81.4-1,5 =1|&;4), and U, are state indices
S1:t—1

01, = I N'(&| i,
=0

= max(0-1; aj;)
J

J

= arg max or,;
J

=W,

SMAP
St+1

)

(za

wmha

HMM

t—1,j ajl) ft\llm

H\IM

Hl N(£1 \ i,

This is the probability of ending up
in state i at time step t by taking
the most probable path

N(ét‘ 228
= argmax (-1 aji) Yt € {2,3

)

T

It tells us the most likely previous
state on the most probable path

tost=1i

Vte{T—-1,T-2,...

that keep track of the states j that maximized o ;.

17
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Ot = maX(5t—1,j aj,i) N(€t| i Efz)

J

\Iftz' — arg m?X(5t_17j CLj)i)

Sp = Wign, gpar

48



Viterbi d O, = mex (815 azi) b(&l9)

with (51,2' =11 N(€1| 228 ZZ)

C1 0.5

C2 0.2

C3 0.3 0.2

C4 0 0.7 0.1
C5 0 0.1 0

C6 0 0 0.5
C7 0 0 0.4

¢ ={C1,03,04,C6)

Image adapted from Kevin P. Murphy (2012), Machine Learning: A Probabilistic Perspective
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w issue in Viterbi

Similarly to the forward-backward variables in HMM, we have to
take care about potential numerical underflow when implementing

Viterbi decoding.

A simple way is to normalize 0 ; at each time step ¢ with

1
Ct —
Zz’[il 5t,i

similarly as in the computation of the forward-backward variables.

Such scaling will not affect the maximum.

50



w issue in Viterbi

Alternatively, we can work in the log domain. We then have

log ¢ ; = max log P(s1:t—1,5:=1| &)

S1:t—1

= max(logd;—1; + loga; ;) +log N (&] p;, %)
j

With high dimensional Gaussians as emission distributions,
the Viterbi computation with log can result in a significant

speedup, since computing log P(&,|s;) can be much faster than
computing P(&,|st).

It is for this reason that it is also common to use the Viterbi
algorithm in the E step of the EM procedure instead of the
forward-backward variables when training HMMs with data of high
dimension.
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f.e

Pvthon notebook
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State duration probability in stand

/ ez O B TR =2
/ 7 e 7, £
a | Tz 2

The state duration follows a By artificially duplicating the number of
geometric distribution states while keeping the same emission
d-1 distribution, other state duration
P<d) = ;; (1 o ai,i) distributions can be modeled

1 ai
o
0.8} Ne Ad
_ 06f
Q;I:-.&
0.4
0.2
0 - |
0 50 100 0 50 100



HSMM

Another approach is to provide LL
an explicit model of the state
duration instead of relying on
self-transition probabilities

N —
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@GMM — {7Ti7 l*l'z'a Ez}£1
@HMM {{CLZJ }] 15 Hi7 L, Zz}fil
@HSMM {{CL@ j}] | ]7&2,

Parametric duration
distribution

HMM




While the HMM computes the forward variable as

C“ffmzm Za?mf] Aji -N;,’i? with M’i - N(gt‘ Hi Zi)

the HSMM requires the evaluation of

dmax K

HSMM ___ HSMM
Qry —E E Q1.5 A(,d),(i,d) Mt,d),i

d=1 j5=1
where the system has to keep an history of length d™*.

a(;.d).(i.d) 15 the probability to be in state 4 at iterations [t+1, t+d|
knowing that we were in state j at iterations [t—d+1, t|.

Mt d),i is the probability to observe {£t i1 &i—dias -5 & }
knowing that we were in state ¢ at iterations [t —d+1, t]. -



HSMM HSMM
Qy E E :0415 1, @ Mt,d),z’

d=1 j7=1

An explicit-duration HSMM with, for example®, a Gaussian
parametrization of the duration N7, =N (d | u?,>?) assumes that

(j.d),(i,d) = Ay c?,i and Mt,d),i: H Ns,i

which corresponds to the assumption that the state duration is
dependent on the current state and independent on the previous
state, and that the outputs are conditionally independent.

* used here only for simplification: other distributions from the

exponential family are better suited to model positive counts
(e.g., gamma or log-normal distributions).
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The probability to be in state ¢ at time step ¢ given the partial
observation &,.,={&, &o, - . ., &} can then be recursively computed

&HSMM
P(si=1|&p,) = ———,  with
D e

dmax K t
HSMM __ HSMM D _
oy E g oy aji N I | N, where
d=1 j=1 s=t—d+1

i =N(d|pf,57) and N =N(&, | p, 20)
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mic features

For the encoding of movements, velocity and acceleration can be
used as dynamic features. By considering an Euler approxima-
tion, the velocity is computed as

Ll — Ly

AN

where ax; is a multivariate position vector.

The acceleration is similarly computed as

Tl — Ty Ty — 2T + Ty

T TR T At2
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mic features

i — Tyl — Ty %, — LTty — 2@ + Ty
At At?
A vector ¢, will be used to represent the concatenated position,
velocity and acceleration vectors at time step ¢

Lt I O O Lt
Ct= |T| = —1&1 ~I 0 Tyl
| |apd —xpl xpl | [®ee

Here, the number of derivatives will be set up to acceleration
(C' = 3), but the same approach can be applied to a different

number of derivatives.

A GMM/HMM /HSMM with centers { g, }2 | and covariance ma-
trices {3; 12 | is first fit to the dataset [y, s, ..., Cpl.
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mic features Ty

Ct: jft

¢ and @ are defined as large vectors concatenating ¢, and a; for
all time steps

_C1_ L1
e B b
_CT_ | LT

Similarly to the matrix operator defined in the previous slide for
a single time step, a large sparse matrix ® can be defined so that

¢ =Px
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mic features D dimensions
C derivatives

T time steps

Lt : :
1 1
Fo | ot 0 i1
T, S.v:2 S - B v SR I P
N e I 0 0 T
t+1 1 I 1 I O b3
L1 S
Lty 271 L7
i AP N
¢ € RPOT $ c RPCT*DT x c RPT

(C=3 here) \
Large sparse matrix
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mic features

For a sequence of states s = {1, S9, ..., s} of T time steps, with
discrete states s; € {1,..., K}, the likelihood of a movement

¢ = Px is given by .
P(C‘S) — HN(Ct | l*l’sta ESt)
t=1

where p, and 3, are the center and covariance of state s; at time
step t.

This product can be rewritten as

P(®als) = N(®z | 1, 5,)

1, > 2;) .
[T 0 6, 0
with p,=| and Xg=| . .

I‘LST 0 0 “. EST
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i ik VU K VWV . @ 7 3
7 9 el e ) AN
A\ F AL 7v o i

For example, for a sequence of states s = {1,1,2,2,3,3,3,4} with
K =4 and T'=8, we have

] >, 0 0 0 0 0O O O]
™ 0 X 0 0 0 0 0 O
Lt 0 0 > 0 0 0 0 O
e |0 0 0 3 0 0 0 O
Hs= || W 2=1g 5 0 0 5 0 0 0
[ 0 0 0 0 0 X 0 O
[ 0 0 0 0 0 0 %30
m 0 0 0 0 0 0 0 %4

m ERDCT 3 ERDCTXDCT
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ic features

VA V- 7
= o oy R 0 2

By using the relation ¢ = ®x, we want to retrieve a trajectory

& = argmax log P(Px | s)

Equating to zero the derivative of Ng] ?S,Es) = Cm) T
q g / eXp (_ 5(@2[3 o MS)T2;1<¢w o Hs))
1
10gP<(I)CE | S) — —§<(I)ZB o HS)TE;1<(I):B o u’s)
1 DCT
9o Ax — (A+ Az — §10g 13| — log(27)
with respect to @ yields \
Weighted
@ngl(@a’: — ) =0 Least Squares!

= ﬁ::(chchI))_ch)TE;mS /
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mic features

The covariance error of this estimate is given by

557 — o(®'%;'®)

where o is a scaling tactor.

The resulting Gaussian N (&, f]‘”) forms a trajectory distribution,
where & € RP?T is an average trajectory stored in a vector form.

Z2

D)
o)

I I T
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mic features - Summ
= (®S;'®) O,
7 — o (@S, 1P)

P i [
o " mi
IH. mm .
. a 1
I.l:l.. .
"
-
- . i . L
. .n::E. .
"
L

(I) | N(/*l’sa ES) N({b7 Zw) |
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Transition matrix

The elements of a n-step transition matrix A(n) are defined as
a; i(n)="P(si1n=7|5t=1), representing the probability to get from
state ¢ to j in exactly n steps.

We then have A(1)=A and a;;(m +n)=3 ¢ air(m)ai;(n).

In other words, the probability of getting from 2 to 7 in m +n steps
is the probability of getting from state ¢z to k in m steps, and then
from state k to j in n steps, summed over all k.

We can write this as a matrix multiplication

A(m+n) = A(m)A(n)
We then have

An)=AAn—-1)=AAAn-2)=...=A"

Thus, we can simulate n steps of a Markov chain by raising the
transition matrix at the power of n. .



Miarkov models

A Markov model is described by @ = {{aZ b }Z \, Where
the transition probabilities a; ; are stored in a matrix A.

MILE of transition matrix in I

The probability of a sequence &,.7 of length 1" is given by
P(&1.r|©™) =I1(&1) A&, &2) A(§2,&3) - A(&r-1,¢r)

K I K K

e
1=1

t=2 1=1
1if true, 0 if false (e.g. TI -1 - TI2 =11 - 113)
The log-likelihood of a set of M sequences of length T}, is given by

log(a’)

= blog(a) K
ZlogP m.LT,, \(SMM) ZNzlogH —I-ZZN”loga”
m=1 1=1 g=1

M M T
with N; = Z H(§m,1:i) , N;;= Z Zﬂ(fm,t—lzia m,t:j)
m=1



iy =Pse=i, stn=7|&1.7)
This result can be retrieved by rewriting the numerator with Bayes

rules and the conditional independence properties of the model
73(‘9257 St+15 gl:T) — 7D(gl:T ’ St St+1) P<St’ St+1) i(l iz ia i@

P(&1.4l5ts 5t41)P (&1 lSts St41)P(&piair|st; St1)Pser1]5t)P(se)
Conditional independence property

= P(&l:t | St) (£t+1 St+1) (St—i—Z:T | St+1> P(St+1 | St) P<St)

= P(st:&14) (€t+1 St+1) ZD@HQ 7| St“l Plsty1lst)

-’

YH

o / (£t+1| ,uj,Ej) BtHiAl% i, \
‘ P(siy1=J|si=1) = a;
P(&iialst+1=7) :N(£t+1|uj,2-) J

at = P(sy=i, &) B = Pl&or | st1=7)
= P&t | st=1) P(st=1) "



For t <d™®*, the initialization is given by

ap;™ =11 NY; My

1,7

2 K
HSMM D HSMM D
%) K HZ NQ,i | | ./\/tg’i + E q CL]"Z' 1, ./\/’2’7;
s=1 =1

3
o™ = HJ\/'SDZHJ\/;HLE E o™y @ £Z-HN3,7; ete.

j=1 d=1 s=4—d

dmax

which corresponds to an update rule for ¢ < written as

K t1

t
HSMM HSMM D
S ||M2+§ E :O‘t dj XjiIVd || Ns,z‘

1=1 d=1 s=t—d+1
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