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Abstract. Providing a fast and accurate (exact or approximate) access to large-scale multidimensional data is a ubiquitous problem and
dates back to the early days of large-scale Information Systems. Similarity search, requiring to resolve nearest neighbor (NN) searches, is a
fundamental tool for structuring information space. Permutation-based
Indexing (PBI) is a reference-based indexing scheme that accelerates NN
search by combining the use of landmark points and ranking in place of
distance calculation.
In this paper, we are interested in understanding the approximation made
by the PBI scheme. The aim is to understand the robustness of the
scheme created by modeling and studying by quantifying its invariance
properties. After discussing the geometry of PBI, in relation to the study
of ranking, from empirical evidence, we make proposals to cater for the
inconsistencies of this structure.
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Introduction

Providing a fast and accurate (exact or approximate) access to large-scale multidimensional data is a ubiquitous problem and dates back to the early days of
large-scale Information Systems. The approach generally taken is that of defining a structure of the space based on information similarity and to partition the
information space according to this structure for quantized or hierarchical access. The most common base for structuring the space is to assume the existence
of a relevant metric in the space and to base the indexing on the properties of
that metric space to resolve the Nearest Neighbor (NN) search problem. From
there, a large variety of indexing techniques have been defined [36,10,37,29].
In this paper, we are interested in a finer understanding of the approximations
made by the PBI scheme (and, more generally, permutation-based distance measurements). In particular, the aim is to understand the robustness of the scheme
created by quantifying its invariance properties. The main contributions is the
definition of a formal space partitioning model for the PBI scheme, embarking
power tools from geometry modeling.

We demonstrate the validity of our proposal with extensive empirical evidence. In this paper, we are interested in understanding the approximation made
by the PBI scheme. The aim is to understand the robustness of the scheme
created, or conversely, quantify its invariance properties. After discussing the
geometry of PBI, in relation to the study of ranking, from extensive empirical
evidence, we make proposals to cater for the inconsistencies of this structure.
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Related work

A large family of indexing techniques is that of reference-based indexing schemes,
where some reference points (sometimes referred to as pivots or anchor points)
are selected, based on their local or global properties and then organized for
facilitating query resolution and data access. In the list of such structures, we
can cite tree-based indexing that place a hierarchical structure over these pivots.
These include BK-Tree [6], Vantage Point Tree [32,23] or M-Tree (Metric Tree)
[11]
More recent structures such as the Fixed Query Array [9], M-Index [24] or
Permutation Based Indexing [8] use pivots to partition the space and to encode
the data according to the structure of the partition. These structures have a
number of parameters on which their actual performance depend and their choice
are generally made empirically, either based on heuristics or on the statistics of
the data in question [1,3,7,4]. However, a formal modeling of the relationship
between these choices and the impact on the performance, based on a sound
modeling of the encoding created by the indexing scheme is still missing [2,20].
They also relate to the statistical properties of high-dimensional representation spaces within which the curse of dimensionality applies [34,5,13,33]. Although indexing performance decreases in such a setup and hardware advances
(such as GPU computations) allow brute-force exhaustive search to be fast and
robust [17,12], it is still relevant to look at indexing structures acting either
within subspaces or data manifolds [35].
We have studied how PBI may be distributed over parallel architectures
[19], how PBI schemes may be simplified (pruned) to scale while preserving
an adequate level of approximation [20]. We have worked on large-scale data
processing, including with GPU processing [22,21,14]. Here, we extend an initial
modeling for the geometry of PBI [18].

3

Formal modeling of Permutation-based Indexing
schemes

We follow and adapt notations from [16,8]. Given U = {o1 , . . . , oN } a collection
(universe) of N D-dimensional objects oi ∈ RD , and given a continuous distance
function d(., .) operating on objects, typically any Minkowsky distance (including
the Euclidean distance dE ) or other classical distance function (including the
cosine similarity distance).

We choose from U a set of n (0 < n ≤ N ) reference objects R = {r1 , . . . , rn }
where, for every k, rk = oi for some i.
Definition 1 (Ordered list). Given oi ∈ U, we define the ordered list of object
oi as the permutation πi : [[1, n]] → [[1, n]] such that for all k ∈ [[1, n − 1]]:3

d(rπi (k) , oi ) < d(rπi (k+1) , oi )
or d(rπi (k) , oi ) = d(rπi (k+1) , oi ) and πi (k) < πi (k + 1)
We note π i = (πi (1), . . . , πi (n)).
Given p ∈ RD , we note πp the ordered list of any point p.
In other words, πi is the list of indices of the reference objects rk sorted in
increasing distance values from oi . To remove randomness completely from the
ranking, in case of a tie on distances, the reference object of lower index appears
first in the list.
Viewing the ordered list as a bijective function, we can define πi−1 as its inverse
function, providing the position of a reference object in the ordered list.
We also extend the notation to apply the function πi (resp πi−1 ) on ordered
sets. In that case, for example, πi−1 (J) = (πi−1 (j1 ), . . . , πi−1 (jl )), where J =
(j1 , . . . , jl ).
The function πi encodes the position of object oi with respect to the list
of reference objects R and it is the purpose of this paper to study further the
properties of πi .
Based on this position encoding, we can define a new distance approximation
using any distance that can be computed between rankings (ordered lists). The
Spearman Footrule Distance (SFD) based on set R or the Spearman Rho (ρ)
are typically used:
δR (oi , oj ) =

n
X

πi−1 (k) − πj−1 (k)

(1)

k=1

v
u n
uX −1
2
πi (k) − πj−1 (k)
ρR (oi , oj ) = t

(2)

k=1

It has been shown that such distance functions can be used to resolve the k nearest neighbor problem (kNN) since δR and ρR approximate, in terms of ranking,
continuous distances for the search of kNN [8]. In other words, for example,
rank

δR (oi , oj ) ' d(oi , oj )

∀oi , oj ∈ U

(3)

Hence, Permutation-based Indexing (PBI) aims at facilitating and optimizing,
for any query q (q ∈ U or q 6∈ U) the computation of rank-based distances such
as δR (q, oi ) for all oi ∈ U.
We will base our formal analysis on δR but, unless otherwise stated, any
other rank-based distance function (such as ρR ) may apply instead.
3

We use the compact notation [[1, n]] = {1, · · · , n} for sets of successive integers.

3.1

Invariance

Computing distances over ordered lists creates distance approximations, which
in turn create equivalence relationship.
Definition 2 (Equivalence relationship). Given R ⊂ U and oi , oj ∈ U, we
note oi ≡ oj if and only if
– δR (oi , oj ) = 0,
– equivalently, πi = πj (since δR is a distance function)
Definition 3 (Equivalence class - Invariance). The equivalence class of
object oi is
[oi ] = {p ∈ RD such that p ≡ oi }
The quotient space U/ ≡ is the set of all equivalence classes of δR from U.
The equivalence class is the set of all positions p an object can take in the
initial space without changing its encoding in the permutation space. As an
immediate consequence, the value of the δR distance between any pair of points
of respective classes does not vary. Hence, the equivalence classes show the extent
of the invariance of the πi encoding. Similarly, the equivalence classes measure
the approximation made by the distance function δR .
We now construct a geometric structure for analyzing the PBI scheme.
3.2

Geometry

Objects oi are points of the RD space over which some geometrical properties
can be inferred. We use the Euclidean distance in RD but this analysis may be
extended with using other metrics.
A D-dimensional space may be partitioned by (D − 1)-dimensional hyperplanes. In our context, perpendicular bisectors are particular such hyperplanes.
Definition 4 (Perpendicular bisector). Given rk , rl ∈ R, we define ∆kl as
the (D − 1)-dimensional perpendicular bisector4 of the segment [rk , rl ].
Proposition 1. If two given objects oi , oj ∈ U are separated by ∆kl then
(πi−1 (k) − πi−1 (l)).(πj−1 (k) − πj−1 (l)) < 0
If ∆kl is the only bisector separating oi and oj , then in that case, in particular,
δR (oi , oj ) = 2.
Proof. Traversing ∆kl flips the ranking of rk and rl in the ordered list, while
leaving other values of πi−1 (m) and πj−1 (m) unchanged for all m 6= k, l.
Definition 5 (Local flip). We call the fact of traversing a bisector ∆kl a local
flip, (|πi−1 (k) − πi−1 (l)| = 1).
4

We initially restrict ourselves to RD spaces. The generalisation of these notions to
generic metric spaces is left for future work.

There is therefore a direct relationship between the geometrical organization of
the points and the organization of the ordered list. More generally, neighboring
relationships between objects relate to Voronoi diagrams, themselves formed
out of bisectors ∆kl . We define the base element of V(R), the classical Voronoi
diagram of R, as follows.
Definition 6 (Voronoi cell). Given rk ∈ R, we define VR (rk ) ⊂ RD as the
Voronoi cell of rk with respect to R. VR (rk ) is the subset:

VR (rk ) = p ∈ RD such that d(p, rk ) ≤ d(p, rl ) ∀rl ∈ R
VR (rk ) is a D-dimensional simplex bounded by bisectors ∆kl . rk is then said to
be a generator of VR (rk ).
V(R) = {VR (rk ) ∀rk ∈ R} is the Voronoi diagram of R.
Remark 1. We assume that, considering the randomness of the positions of objects in U (and therefore in R):
– The Voronoi diagram of R is not degenerate, ie, no more than D+1 reference
objects lie on the same D-dimensional hypershpere;
– no object oi lies exactly on the boundary of two or more Voronoi cells.
A number of properties of the Voronoi diagrams help us understanding the
structure of PBI. We recall the definition of the Delaunay graph.
Definition 7 (Delaunay graph). Given R and V(R), we define G = (R, E)
the Delaunay graph with vertices rk ∈ R and edges E such that:
(rk , rl ) ∈ E if and only if VR (rk ) and VR (rl ) share a common facet.
Definition 6 considers a unique object as generator for each Voronoi cell.
Hence, by definition, for all objects oi ∈ VR (rk ), we have πi−1 (k) = 1.
Consider now rl and rm ∈ R, neighbors of rk in G. ∆kl and ∆km support
facets of VR (rk ). Suppose we extend ∆lm within VR (rk ). ∆lm separates objects
oi for which πi−1 (l) > πi−1 (m) from objects oi for which πi−1 (l) < πi−1 (m).
In particular, because rl and rm ∈ R are neighbors of rk , one may isolate a
portion of VR (rk ) bounded by ∆lm where, for each object oi in that region
πi−1 ((k, l, m)) = (1, 2, 3). Repeating that process, leads to the construction of
the ordered order-2 Voronoi diagram, where the generators of the cells at the
ordered pairs of reference objects (Figure 1).
Generalizing this construction, we obtain the ordered order-k Voronoi diagram (OOkVD).
Definition 8 (Ordered order-k Voronoi diagram). Given Rk = (rj1 , . . . , rjk )
an ordered subset of R, we define VRk (Rk ) ⊂ RD as the OOkVD cell of Rk with
respect to R. VRk (Rk ) is such that:
oi ∈ VRk (Rk ) ⇔ πi−1 ((j1 , . . . , jk )) = [[1, k]]
Proposition 2. The equivalent classes of the δR distance (U/ ≡) are cells of the
ordered order-(n − 1) Voronoi diagram of R: if oi ∈ VRk (Rk ) then [oi ] = VRk (Rk ).
Proof. By construction. Knowing that p ∈ VRk (Rk ) for all k < n is sufficient to
determine the ordered list π p .

Fig. 1. Original Voronoi diagram (red bold lines) for 5 points in the 2D plane. The union
with the order-2 Voronoi diagram (dashed lines) forms the ordered order-2 Voronoi
partition. Cell centers act as reference points. The label for every cell is given as the
permutation of the 2 closest reference points from points in the cell. Every original cell
is repartitioned by the order-2 neighboring relationships (adapted from [26])

As noted in [2], equivalent classes are the vertices of the permutahedron of
order n, the polytope whose edges are connecting all permutations differing
from a local flip.
Proposition 3. The edges of the order-n permutahedron form a equivalent “order(n − 1) Delaunay graph” for the ordered order-(n − 1) Voronoi diagram. In other
words, permutations differing from one local flip (connected vertices of the ordern permutahedron) relate to neighboring cells of the ordered order-(n − 1) Voronoi
diagram.
Proof. Direct from Definition 5 and Proposition 2.
Propositions 2 and 3 provide us with powerful geometric tools to study the
performance of the δR distance and therefore the permutation-based encoding.
For example, it is easily seen that local flips between positions k and k + 1
in the list relate to crossing edges of the order-k Voronoi diagram. Similarly,
relationships between Voronoi cells, Delaunay simplices and enclosing spheres
help us understanding which of the n! possible permutations will actually exist
in the permutation-based encoding defined by a given choice of R. Upperbounds
and D-dimensional constructs that achieve these bounds are presented in [30,31].
An empirical study on the number of Pivot Permutations prefixes is proposed
in [25].

Fig. 2. Ordered order-2 Voronoi diagram of 3 points (black lines). Edges of the Delaunay graph (red lines). Edges of the order-n permutahedron mapped on the same plane
(green lines)

3.3

Invariance and robustness

In this paper, we wish to investigate empirically the factors that emerged from
the above modeling. Namely, we wish to obtain an empirical understanding of
the properties of invariance and robustness of the scheme against perturbations.
The related literature focused on the capabilities of the encoding to retrieve
all and only the k-NN of a query point p. This provides insight on how much
balls centered on p grow similarly according to increasing distances dE and δR ,
which we use as prototypical metric in the original and permutations spaces,
respectively.
Here, we rather aim at going to a finer understanding by giving insights on
the questions:
– How much unique is the correspondence between the values of dE and δ?
– How much position information does each reference point rk carry in the
encoding of object oi ?
We think that such information will advance the understanding of the limitations
of PBI and help formally optimizing its parameters such as the number and
position of reference points, and whether using partial ordered lists is useful.
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Experiments

We base our experiments on dense sets of objects drawn uniformly from the unit
RD cube. We chose n reference points according to the greedy global locality
approach [18].

4.1

Original versus permutation-based distances

We first investigate the match between distance values in the original space
and the permutation space. Ideally, for every original distance value, we should
find a corresponding permutation-based distance value. However, due to rank
approximation and invariance, this is not the case. To measure this invariance,
for every value of the permutation-based distance5 , we gather the corresponding
histogram of the original distance values. The less peaked the histogram, the
more invariance, and the more confusion in discriminating objects.

Fig. 3. Collection of histograms (horizontal lines of the images - the darker the higher
the value) of Euclidean distance values for every value of the permutation-based distance (vertical value). From left to right, top to bottom: (a) Uniform distribution of 2D
objects with δR based on 30 reference points. (b) Uniform distribution of 4D objects
with δR based on 30 reference points. (c) Uniform distribution of 2D objects with ρR
(values quantized) based on 30 reference points. (d) Uniform distribution of 4D objects
with ρR (values quantized) based on 30 reference points.
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We use δR (oi , oj ) =
bins.

1
2

Pn

k=1

πi−1 (k) − πj−1 (k) , to avoid systematically empty odd

As can be seen from Figure 3, both original and permutation-based distance
functions show a decent correlation (dark diagonal corresponding to the peak
value of the histograms). δR and ρR behave similarly. However, the higher the
value of the permutation-based distance, the more spread the original corresponding distance values are. This can be interpreted as the fact that the ball
of the permutation distance will grow more and more with irregular borders. In
other words, there is more and more uncertainty in the match between original
distance values and permutation-based distance values.
4.2

Local invariance properties

We now wish to get a more detailed understanding of how permutation-based
distance work. From their definition, these distance functions (eg δR or ρR )
essentially count the discrepancy between the ordered list, without accounting for
the position in the lists at which this difference arises. For example, if δR (oi , oj ) =
1, the corresponding ordered lists differs from only one local flip. However this
local flip may indifferently be between elements at the beginning of the list (eg
changing cell of the order-1 Voronoi diagramà) or at the end of the list (crossing
∆kl where rk and rl are far from oi and oj ).
Definition 9 (Activation). We say that a reference object rk is activated in
the computation of δR (oi , oj ) if πi−1 (k) 6= πj−1 (k)
Ideally, we would like the position of an object be encoded mostly by its local
reference objects. This corresponds to making the position encoding independent
of far structures. As a result, this would support the use of local criteria for the
choice of reference objects.
In that case, when computing permutation-based distance values for neighboring objects, local reference objects would be activated. Conversely, low values
of permutation-based distance should be due to the activation of local reference
objects. This would for example justify formally that ordered list pruning is a
sound operation.
We plot in Figure 4 the statistics of activation of reference objects (n = 30)
for each value of the permutation-based distance.
We read a rather uniform distribution of activation, which counters to the
idea of local encoding. This may be understood by looking at Figure 1. One
can see that bisectors resulting from the high order Voronoi partition splits
cells into a fine grain partition. Hence, pairs of distance reference objects do
participate in the determination of the fine sensitivity of the encoding. This is
rather undesirable and motivates the use of weighted permutation-based distance
functions such as that proposed in [15] to enforce a local penalty on distance
measurements.
4.3

Real data

We now study a real use case where indexing invariance is desirable and should
be adapted to the data. We study Maya hieroglyphs images. A part of Maya

Fig. 4. Collection of histograms (horizontal lines of the images - the darker the higher
the value) for the activation (see text) of each reference object depending of the value
of δR (D = 2,n = 30). (left) full statistic. (right) zoom on low values of δR .

writing consists into glyphs (base signs) combined into glyph blocks. Each glyph
can be referenced by a Thompson code (T-code, eg T0168) and glyphblocks can
be therefore described by the combination of the T-codes of the glyphs that
compose the block, which we call a T-string (see Figure 5).

Fig. 5. Maya glyphblocks annotated with their corresponding T-strings. (1st row)
Glyphblocks with different number of composing glyphs. (2nd row) Glyphblocks of
the same class, illustrating the visual variability of the classes

It is interesting to study visual similarity of Maya hieroglyphs [28]. Figure 5
(2nd row) motivates the fact that the indexing scheme should absorb the visual
variation of the symbols. Integrating this with our earlier discussion, the question
is how to map similarity-based classification onto the notion of invariance of

the indexing scheme. Here, “invariance” is understood as “invariance to writing
style”. In other words the challenge is to tune the parameters of the indexing
scheme to align with the semantics of the data.
Here, we use a set of 15’500 annotated glyphblocks in 155 classes (same
Tstring) of 100 individuals. We extract features from an autoencoder. We use
the values of the L most activated neurons on the encoding layer (joining the
encoder and the decoder architectures). Our initial experiments show that this
encoding captures relevant visual features 6 . We extract the L = 30 values of the
most activated neurons of the encoding layer as features and use the Euclidean
distance to measure similarity. Here, we adapt the number n of reference objects
using the greedy global locality approach.
Table 1. Average equivalence class population and precision with respect to the number of reference objects. Values in brackets indicate the standard deviation
n
6
7
8
9
10
20
Pop. 233.56 (187.76) 99.31 (99.14) 43.77 (57.46) 19.74 (35.58) 7.20 (11.87) 1.06 (1.44)
Prec.
0.05 (0.09)
0.10 (0.17) 0.19 (0.25) 0.36 (0.34) 0.54 (0.37) 99.84 (0.03)

The above numbers in Table 1 illustrate the reduction in size of the partition
cells, leading to a reduction of the size of their population. In that particular
application, standard deviation figure on the cell population show that the choice
of reference objects is not adapted to the data since there is a large variation
in the number of items per cell. A higher number of reference objects creates a
finer partition. As a result, the precision inside the equivalence class mechanically
increases. However, here again, the figures show the need for an adapted choice
of reference objects to align the equivalence classes (cells of the partition) with
the semantic classes of the data. It is therefore a critical challenge to formulate
the optimisation of the choice of reference objects according to the semantic
value of the data.

5

Conclusion

Permutation-based indexing schemes have shown to be effective to support the
resolution of kNN queries. Their main parameters are the number and location
of reference objects and the permutation-based distance used.
In this paper, the main contribution is a formal modeling of the mechanics
of PBI schemes, helped by ranking theory and computational geometry. This
base model provides insights and powerful tools for the fine study of properties
of permutation-based geometry. Here, we focus on invariance, which relates to
robustness to data variation (eg due to noise). We motivate such a study by the
use of PBI in applications where items may be grouped by classes with internal
6

The details of this study may be found in [27]

variation. In that case, kNN queries may be resolved directly using the space
partition thus created.
Our initial experiments following our model reveal an adequate transfer of
neighboring information from the original feature space onto the permutationbased representation space. However, the analysis also demonstrates that permutation-based distances such as δR or ρR do not localize the measurements, as
it would be desirable. The use of adapted permutation-based distance functions
(such as weighted by rank position [15]) may be beneficial here.
This paper opens many avenues for deeper studies on PBI. We plan to extend
our formal model in the direction of a better understanding of the geometry
of PBI and the design or choice of adapted parameters such as permutationbased distance incorporating pruning or weighting. Getting deeper insights on
the geometry of the partition will also be a way to optimize the use of reference
objects and therefore their location and number.
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