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ABSTRACT

Graph Neural Networks (GNNs) have demonstrated superior perfor-
mance in learning node representations for various graph inference
tasks. However, learning over graph data can raise privacy con-
cerns when nodes represent people or human-related variables that
involve sensitive or personal information. While numerous tech-
niques have been proposed for privacy-preserving deep learning
over non-relational data, there is less work addressing the privacy
issues pertained to applying deep learning algorithms on graphs. In
this paper, we study the problem of node data privacy, where graph
nodes have potentially sensitive data that is kept private, but they
could be beneficial for a central server for training a GNN over the
graph. To address this problem, we develop a privacy-preserving,
architecture-agnostic GNN learning algorithm with formal privacy
guarantees based on Local Differential Privacy (LDP). Specifically,
we propose an LDP encoder and an unbiased rectifier, by which
the server can communicate with the graph nodes to privately col-
lect their data and approximate the GNN’s first layer. To further
reduce the effect of the injected noise, we propose to prepend a
simple graph convolution layer, called KProp, which is based on the
multi-hop aggregation of the nodes’ features acting as a denoising
mechanism. Finally, we propose a robust training framework, in
which we benefit from KProp’s denoising capability to increase
the accuracy of inference in the presence of noisy labels. Extensive
experiments conducted over real-world datasets demonstrate that
our method can maintain a satisfying level of accuracy with low
privacy loss.

1 INTRODUCTION

In the past few years, extending deep learning models for graph-
structured data has attracted growing interest, popularizing the
concept of Graph Neural Networks (GNNs) [44]. GNNs have shown
superior performance in a wide range of applications in social
sciences [18], biology [41], molecular chemistry [14], and so on,
achieving state-of-the-art results in various graph-based learning
tasks, such as node classification [26], link prediction [65], and
community detection [9]. However, most real-world graphs asso-
ciated with people or human-related activities, such as social and
economic networks, are often sensitive and might contain personal
information. For example in a social network, a user’s friend list,
profile information, likes and comments, etc., could potentially be
private to the user. To satisfy users’ privacy expectations in ac-
cordance with recent legal data protection policies, it is of great
importance to develop privacy-preserving GNN models for appli-
cations that rely on graphs accessing users’ personal data.

Problem and motivation. In light of these privacy constraints,
we define the problem of node data privacy. As illustrated in Fig-
ure 1, in this setting, graph nodes, which may represent human
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Figure 1: The node data privacy problem. A cloud server (e.g.,
a social network server) has a graph (e.g., the social graph),
whose nodes, which may correspond to real users, have some
private data that the server wishes to utilize for training a
GNN on the graph, but cannot simply collect them due to
privacy constraints.

users, have potentially sensitive data in the form of feature vec-
tors and possibly labels that are kept private, but the topology
of the graph is observable from the viewpoint of a central server,
whose goal is to benefit from private node data to learn a GNN
over the graph. This problem has many applications in social net-
work analysis and mobile computing. For example, consider a social
smartphone application server, e.g., a social network, messaging
platform, or a dating app. As this server already has the data about
social interactions between its users, the graph topology is not
private to the server. However, the server could potentially benefit
from users’ personal information, such as their phone’s sensor data,
list of installed apps, or application usage logs, by training a GNN
using these private features to learn better user representations for
improving its services (e.g., the recommendation system). Without
any means of data protection, however, this implies that the server
should collect users’ personal data directly, which can raise privacy
concerns.

Challenges. Training a GNN from private node data is a chal-
lenging task, mainly due to the relational nature of graphs. Unlike
other deep learning models wherein the training data points are
independent, in GNNs, the samples — nodes of the graph — are con-
nected via links and exchange information through the message-
passing framework during training [19]. This fact renders common
collaborative learning paradigms, such as federated learning [23],
infeasible due to their excessive communication overhead. The
main reason is that in the absence of a trusted server, which is the
primary assumption of our paper, every adjacent pair of nodes has
to exchange their vector representations with each other multiple
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times during a single training epoch of a GNN, which requires
significantly more communication compared to conventional deep
neural networks, where the nodes only communicate with the
server, independently.

Contributions. In this paper, we propose the Locally Private
Graph Neural Network (LPGNN), a novel privacy-preserving GNN
learning framework for training GNN models using private node
data. Our method has provable privacy guarantees based on Local
Differential Privacy (LDP) [24], can be used when either or both
node features and labels are private, and can be combined with any
GNN architecture independently.

To protect the privacy of node features, we propose an LDP
mechanism, called the multi-bit mechanism, through which the
graph nodes can perturb their features that are then collected by
the server with minimum communication overhead. These noisy
features are then used to estimate the first graph convolution layer
of the GNN. Given that graph convolution layers initially aggregate
node features before passing them through non-linear activation
functions, we benefit from this aggregation step as a denoising
mechanism to average out the differentially private noise we have
injected into the node features. To further improve the effectiveness
of this denoising process and increase the estimation accuracy of
the graph convolution, we propose to prepend a simple yet effective
graph convolution layer based on the multi-hop aggregation of node
features, called KProp, to the backbone GNN.

To preserve the privacy of node labels, we perturb them using the
generalized randomized response mechanism [22]. However, learn-
ing with perturbed labels introduces extra challenges, as the label
noise could significantly degrade the generalization performance
of the GNN. To this end, we propose a robust training framework,
called Drop (label denoising with propagation), in which we again
benefit from KProp’s denoising capability to increase the accuracy
of noisy labels. Drop can be seamlessly combined with any GNN, is
very easy to train, and does not rely on any clean (raw) data in any
form, being features or labels, neither for training nor validation
and hyper-parameter optimization.

Finally, we derive the theoretical properties of the proposed al-
gorithms, including the formal privacy guarantees and error bound.
We conduct extensive experiments over several real-world datasets,
which demonstrate that our proposed LPGNN is robust against
injected LDP noise, achieving a decent accuracy-privacy trade-off
in the presence of noisy features and labels.

Paper organization. The rest of this paper is organized as fol-
lows. In Section 2, we formally define the problem and provide the
necessary backgrounds. Then, in Section 3, we explain our locally
private GNN training algorithm. Details of experiments and their
results are explained in Section 4. We review related work in Sec-
tion 5 and finally in Section 6, we conclude the paper. The proofs
of all the theoretical findings are also presented in Appendix A.

2 PRELIMINARIES

Problem definition. We formally define the problem of learning
a GNN with node data privacy. Consider a graph G = (V,&,XY),
where & is the link set and V = V¢ U Vq is the union of the set
of labeled nodes V, and unlabeled ones Vq;. The feature matrix
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X € RIVIXd comprises d-dimensional feature vectors x, for each
nodev € V,and Y € {0,1}!VX¢ is the label matrix, where c is the
number of classes. For each node v € V, y, is a one-hot vector,
ie,yy - 1= 1, where 1 is the all-one vector, and for each node
v € Vg, Yo is the all-zero vector 0. Now assume that a server has
access to V and &, but the feature matrix X and labels Y are private
to the nodes and thus not observable by the server. The problem
is: how can the server collaborate with the nodes to train a GNN
over G without letting private data leave the nodes? To answer this
question, we first present the required background about graph
neural networks and local differential privacy in the following, and
then in the next section, we describe our proposed method in detail.
Note that since in our problem setting, nodes of the graph usually
correspond to human users, we often use the terms “node” and
“user” interchangably throughout the rest of the paper.

Graph Neural Networks. A GNN learns a representation for
every node in the graph using a set of stacked graph convolution
layers. Each layer gets an initial vector for each node and outputs a
new embedding vector by aggregating the vectors of the adjacent
neighbors followed by a non-linear transformation. More formally,
given a graph G = (V, &,X), an L-layer GNN consists of L graph
convolution layers, where the embedding hi, of any node v € V at
layer [ is generated by aggregating the previous layer’s embeddings
of its neighbors, called the neighborhood aggregation step, as:

hl

N = AGGREGATE; ({hf;l,Vu € N(v)}) (1)

hl, = Uppats, (th(U)) @)

where N (v) is the set of neighbors of v (which could include v itself)
and hi=1 is the embedding of node u at layer | — 1. AGGREGATE;(.)
and th (o) 3T€ respectively the [-th layer differentiable, permutation
invariant aggregator function (such as mean, sum, or max) and
its output on N(v). Finally, UpDATE,(.) is a trainable non-linear
function, e.g., a neural network, for layer I. At the very first, we
have hg = Xy, l.e., the initial embedding of v is its feature vector xy,
and the last layer generates a c-dimensional output followed by a
softmax layer to predict node labels in a c-class node classification
task.

Local Differential Privacy. Local differential privacy (LDP) is
an increasingly used approach for collecting private data and com-
puting statistical queries, such as mean, count, and histogram. It has
been already deployed by major technology companies, including
Google [16], Apple [46], and Microsoft [11]. The key idea behind
LDP is that data holders do not need to share their private data
with an untrusted data aggregator, but instead send a perturbed
version of their data, which is not meaningful individually but can
approximate the target query when aggregated. It includes two
steps: (i) data holders perturb their data using a special randomized
mechanism M and send the output to the aggregator; and (ii) the
aggregator combines all the received perturbed values and esti-
mates the target query. To prevent the aggregator from inferring
the original private value from the perturbed one, the mechanism
M must satisfy the following definition [24]:

Definition 2.1. Given e > 0, arandomized mechanism M satisfies
e-local differential privacy, if for all possible pairs of user’s private
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data x and x’, and for all possible outputs y € Range( M), we have:
PrM(x) = y] < e Pr[M(x) = y] ®)

The parameter € in the above definition is called the “privacy
budget” and is used to tune utility versus privacy: a smaller (resp.
larger) € leads to stronger (resp. weaker) privacy guarantees, but
lower (resp. higher) utility. The above definition implies that the
mechanism M should assign similar probabilities (controlled by €)
to the outputs of different input values x and x’, so that by looking
at the outputs, an adversary could not infer the input value with
high probability, regardless of any side knowledge they might have.
LDP is achieved for a deterministic function usually by adding a
special random noise to its output that cancels out when calculating
the target aggregation given a sufficiently large number of noisy
samples.

3 PROPOSED METHOD

In this section, we describe our proposed framework for learning a
GNN using private node data. As described in the previous section,
in the forward propagation of a GNN, the node features are only
used as the input to the first layer’s AGGREGATE function. This
aggregation step is amenable to privacy, as it allows us to perturb
node features using an LDP mechanism (e.g., by injecting random
noise into the features) and then let the AGGREGATE function av-
erage out the injected noise (to an extent, not entirely), yielding
a relatively good approximation of the neighborhood aggregation
for the subsequent UpPDATE function. The GNN’s forward propaga-
tion can then proceed from this point without any modification to
predict a class label for each node.

However, maintaining a proper balance between the accuracy
of the GNN and the privacy of data introduces new challenges that
need to be carefully addressed. On one hand, the node features
to be collected are likely high-dimensional, so the perturbation of
every single feature consumes a lot of the privacy budget. Suppose
we want to keep our total budget € low to provide better privacy
protection. In that case, we need to perturb each of the d features
with e/d budget (because the privacy budgets of the features add
up together as the result of the composition theorem [15]), which in
turn results in adding more noise to the data that can significantly
degrade the final accuracy. On the other hand, for the GNN to be
able to cancel out the injected noise, the first layer’s aggregator
function must: (i) be in the form of a linear summation, and (ii) be
calculated over a sufficiently large set of node features. However,
not every GNN architecture employs a linear aggregator function,
nor every node in the graph has many neighbors. In fact, in many
real-world graphs that follow a Power-Law degree distribution, the
number of low-degree nodes is much higher than the high-degree
ones. Consequently, the estimated aggregation would most likely
be very noisy, again leading to degraded performance.

To tackle the first challenge, we develop a multidimensional
LDP method, called the multi-bit mechanism, by extending the 1-
bit mechanism [11] for multidimensional feature collection. It is
composed of a user-side encoder and a server-side rectifier designed
for maximum communication efficiency. To address the second
challenge, we propose a simple, yet effective graph convolution
layer, called KProp, which aggregates messages from an expanded
neighborhood set that includes both the immediate neighbors and

those nodes that are up to K-hops away. By prepending this layer
to the GNN, we can both combine our method with any GNN
architecture and at the same time increase the graph convolution’s
estimation accuracy for low-degree nodes. In the experiments, we
show that this technique can significantly boost the performance of
our locally private GNN, especially for graphs with a lower average
degree.

Finally, since the node labels are also considered private, we need
another LDP mechanism to collect them privately. To this end, we
use the generalized randomized response algorithm [22], which
randomly flips the correct label to another one with a probability
that depends on the privacy budget. However, learning the GNN
with perturbed labels brings forward significant challenges in both
training and validation. Regarding the former, training the GNN
directly with the perturbed labels causes the model to overfit the
noisy labels, leading to poor generalization performance. Regarding
the latter, while it would be easy to validate the trained model using
clean (non-perturbed) data, due to the privacy constraints of our
problem, a more realistic setting is to assume that the server does
not have access to any clean validation data. In this case, it is not
clear how to perform model validation with noisy data, which is
vital to prevent overfitting and optimize model hyper-parameters.

Although deep learning with noisy labels has been studied ex-
tensively in the literature [31, 38, 39, 45, 63, 64, 67], almost all the
previous works either need clean features for training, require clean
data for validation, or have been proposed for standard deep neural
networks and do not consider the graph structure. Here, we pro-
pose Label Denoising with Propagation — Drop, which incorporates
the graph structure for label correction, and at the same time does
not rely on any form of clean data (features or labels), neither for
training nor validation. Given that nodes with similar labels tend
to connect together more often [48], we utilize the graph topology
to predict the label of a node by estimating the label frequency of
its neighboring nodes. Still, if we rely on immediate neighbors, the
true labels could not be accurately estimated due to insufficient
neighbors for many nodes. Again, our key idea is to exploit KProp’s
denoising capability, but this time on node labels, to estimate the
label frequency for each node and recovering the true label by
choosing the most frequent one. Drop can easily be combined by
any GNN architecture, and we show that it outperforms traditional
baselines, especially at high-privacy regimes.

In the rest of this section, we describe our multi-bit mecha-
nism, the KProp layer, and the Drop algorithms in more detail.
The overview of our framework is depicted in Figure 2. Note that
the data perturbation step on the user-side has to be done only
once for each node. The server collects the perturbed data once and
stores it to train the GNN with minimum communication overhead.

3.1 Collection of node features

In this section, we explain our multi-bit mechanism for multidi-
mensional feature perturbation, which is composed of an encoder
and a rectifier, as described in the following.

Multi-bit Encoder. This part, which is executed at the user-
side, perturbs the node’s private feature vector and encodes it into a
compact vector that is sent efficiently to the server. More specifically,
assume that every node v owns a private d-dimensional feature
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Figure 2: Overview of our locally private GNN training framework, featuring the multi-bit mechanism (MB Encoder and MB
Rectifier), randomized response (RR), KProp layers, and Drop training. Users run multi-bit encoder and randomized response
on their private features and labels, respectively, and send the output to the server, after which training begins. Green solid
arrows and red dashed arrows indicate the training and validation paths, respectively.

Algorithm 1: Multi-Bit Encoder

Input :feature vector x € [a, ]¢; privacy budget e > 0; range
parameters ¢ and f3; sampling parameter
me{1,2,...,d}.

Output:encoded vector x* € {-1,0, l}d.

1 Let S be a set of m values drawn uniformly at random without
replacement from {1,2,...,d}

2 forie {1,2,...,d} do

3 si =1ifi € S otherwise s; =0

. : 1 xi—a | e€/Mm_q
4 t; ~ Bernoulli (7ef/m+1 + B gE/m+1)
5 x;=s;i-(2t; = 1)

¢ end

7 return x* = [xi‘,...,x:i]T

vector X,, whose elements lie in the range [, f]. When the server
requests the feature vector of v, the node locally applies the multi-bit
encoder on X, to get the corresponding encoded feature vector xj,
which is then sent back to the server. Since this process is supposed
to be run only once, the generated xj, is recorded by the node to
be returned in any subsequent calls to prevent the server from
recovering the private feature vector using repeated queries.

Our multi-bit encoder is built upon the 1-bit mechanism [11],
which returns either 0 or 1 for a single-dimensional input. How-
ever, as mentioned earlier, perturbing all the dimensions with a
high-dimensional input results in injecting too much noise, as the
total privacy budget has to be shared among all the dimensions.
To balance the privacy-accuracy trade-off, we need to reduce di-
mensionality to decrease the number of dimensions that have to
be perturbed. Still, since we cannot have the feature vectors of all
the nodes at one place (due to privacy reasons), we cannot use con-
ventional approaches, such as principal component analysis (PCA)
or any other machine learning-based feature selection method. In-
stead, we randomly perturb a subset of the dimensions and then

optimize the size of this subset to achieve the lowest variance in
estimating the AGGREGATE function.

Algorithm 1 describes this encoding process in greater detail.
Intuitively, the encoder first uniformly samples m out of d dimen-
sions without replacement, where m is a parameter controlling how
many dimensions are perturbed. Then, for each sampled dimension,
the corresponding feature is randomly mapped to either -1 or 1,
with a probability depending on the per-dimension privacy budget
€/m and the position of the feature value in the feature space, such
that values closer to a (resp. f) are likely to be mapped to -1 (resp. 1).
For other dimensions that are not sampled, the algorithm outputs
0. Therefore, a maximum of two bits per feature is enough to send
X;, to the server. When m = d, our algorithm reduces to the 1-bit
mechanism with a privacy budget of €/d for every single dimension.
The following theorem ensures that the multi-bit encoder is e-LDP
(proof in the Appendix).

THEOREM 3.1. The multi-bit encoder presented in Algorithm 1
satisfies e-local differential privacy for each node.

Multi-bit Rectifier. The output of the multi-bit encoder is sta-
tistically biased, i.e., E [x*] # x. Therefore, the goal of the multi-bit
rectifier, executed at server-side, is to convert the encoded vector x*
to an unbiased perturbed vector x’, such that E [x’] = x, as follows:

d(f-a) e/m+1 L atp
2m e€/m _ 1 x 2

x” = Rect(x*) = (4)
Note that this is not a denoising process to remove the noise from x*,
but the output vector x’ is still noisy and does not have any mean-
ingful information about the private vector x. The only difference
between x* and x’ is that the latter is unbiased, while the former is
not. The following results entail from the multi-bit rectifier:

PROPOSITION 3.2. The multi-bit rectifier defined by (4) is unbiased.
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PROPOSITION 3.3. For any nodev and any i € {1,2,...,d}, the
variance of the multi-bit rectifier defined by (4) at dimension i is:

d [f-a elmit)’ a+p\?
Var[xy;] =—-( —) —(xv,l-— ) (5)

m 2 ee/m—l 2

The variance of an LDP mechanism is a key factor affecting the
estimation accuracy: a lower variance usually leads to a more accu-
rate estimation. Therefore, we exploit the result of Proposition 3.3
to find the optimal sampling parameter m in the multi-bit encoder
(Algorithm 1) that minimizes the rectifier’s variance, as follows:

PROPOSITION 3.4. The optimal value of the sampling parameter
m in Algorithm 1, denoted by m*, is obtained as:

m* = max(1, min(d, {%J)) (6)

The above proposition implies that in the high-privacy regime
€ < 2.18, the multi-bit mechanism perturbs only one random di-
mension. Therefore, this process is similar to a randomized one-hot
encoding, except that here, the aggregation of these one-hot en-
coded features approximates the aggregation of the raw features.

3.2 Approximation of graph convolution

Upon collecting the encoded vectors x}, from every node v and
generating the corresponding perturbed vectors x}, using the multi-
bit rectifier, the server can initiate the training of the GNN. In the
first layer, the embedding for an arbitrary node v is generated by the
following (layer indicator subscripts and superscripts are omitted
for simplicity):

EN(v) = AGGREGATE ({x},,Yu € N(v)}) (7)
h, = UppATE (BN(ZJ)) (8)

where h N (o) is the estimation of the first layer AGGREGATE function
of any node v by aggregating perturbed vectors x;, of all the nodes
u adjacent to v. After this step, the server can proceed with the rest
of the layers to complete the forward propagation of the model,
exactly similar to a standard GNN. If the AGGREGATE function is
linear on its input (e.g., it is a weighted summation of the input
vectors), the resulting aggregation would also be unbiased, as stated
below:

COROLLARY 3.5. Given a linear aggregator function, the aggrega-
tion defined by (7) is an unbiased estimation for (1) at layer] = 1.

The following proposition also shows the relationship of the
estimation error in calculating the AGGREGATE function and the
neighborhood size [N (v)| for the special case of using the mean
aggregator function:

PROPOSITION 3.6. Given the mean aggregator function for the first
layer and § > 0, with probability at least 1 — §, for any node v, we

have:
\dlog(d/é)
— ©
eVIN(o)]
The above proposition indicates that with the mean aggregator

function (which can be extended to other AGGREGATE functions as
well), the estimation error decreases with a rate proportional to the

x| = (aao)i| = 0 (

Algorithm 2: KProp Layer

Input :Graph G = (V, &); input vector x,, Yo € V; linear
aggregator function AGGREGATE; step parameter K > 0;
Output: Embedding vector hy, Yo € V
1 for all v € V do in parallel

0o _
2 hN(u) =Xy
3 for k =1toK do
4 h’;/(v) = AGGREGATE ({hlk\,‘(h), Yu € N(v) - {v}})
5 end
_hK
6 h, = hN(U)
7 end

8 return {h,, Vo € V}

square root of the node’s degree. Therefore, the higher number of
neighbors, the lower the estimation error. But as mentioned earlier,
the size of N(v) is usually small in real graphs, which hinders the
AGGREGATE function from driving out the injected noise on its own.

In a different context, prior works have shown that consider-
ing higher-order neighbors can help learn better node representa-
tions [2, 28, 36]. Inspired by these works, a potential solution to this
issue is to expand the neighborhood of each node v by considering
more nodes that are not necessarily adjacent to v but reside within
an adjustable local neighborhood around v. To this end, we use
an efficient convolution layer, described in Algorithm 2, that can
effectively be used to address the small-size neighborhood issue.
The idea is simple: we aggregate features of those nodes that are up
to K steps away from v by simply invoking the AGGREGATE func-
tion K consecutive times, without any non-linear transformation
in between. For simplicity, we call this algorithm KProp, as every
node propagates its message to K hops further.

As illustrated in Figure 2, we prepend KProp as a denoising layer
to the GNN. This approach has two advantages: first, it allows
to use any GNN architecture with any AGGREGATE function for
the backbone model, as KProp already uses a linear AGGREGATE
that satisfies Corollary 3.5; and second, it enables us to expand
the effective aggregation set size for every node by controlling the
step parameter K. However, it is essential to note that we cannot
arbitrarily increase the neighborhood size around a node, since
aggregating messages from too distant nodes could lead to over-
smoothing of output vectors [30]. Therefore, there is a trade-off
between the KProp’s denoising accuracy and the overall GNN’s
expressive power.

It is worth mentioning that in KProp, we perform aggregations
over N (v) —{v}, i.e., we do not include self-loops. While it has been
shown that adding self-loops can improve accuracy in conventional
GNNis [26], excluding self-connections works better when dealing
with noisy features. As K grows, with self-loops, we account for the
injected noise in the feature vector of each node in the v’s neigh-
borhood multiple times in the aggregation. Therefore, removing
self-loops helps to reduce the total noise by discarding repetitive
node features from the aggregation.

3.3 Learning with private labels

In this last part, we describe the method used to perturb and collect
labels privately and introduce our training algorithm for learning



locally private GNNs using perturbed labels, called label denoising
with propagation (Drop). Let f (x) = arg maxy p(y | x) be the target
node classifier, where p(y | x) = g(x, G; W) approximates the class-
conditional probabilities p(y | x) and is modeled by a GNN ¢(.)
with the learnable weight matrix W. The goal is to optimize W
such that p(y | x) becomes as close as possible to p(y | x). In
the standard setting, this is usually done by minimizing the cross-
entropy loss function between p(y | x) and true label y over the
set of labeled nodes V:

LAy %) == > vy loghly | xv) (10)
veVy

However, since the labels are considered private, each node
v € V that participates in the training procedure has to perturb
their label y, using some LDP mechanism, and send the perturbed
label y, to the server. Still, if we train the GNN using the perturbed
labels by minimizing the cross-entropy loss between p(y | x) and
perturbed labels y’, namely ¢ (y’, p(y | x)), the model completely
overfits the noisy labels and generalizes poorly to unseen nodes.
However, many real-world graphs, such as social networks, are
homophilic [34], meaning that nodes with structural similarity
tend to have similar labels [48]. We exploit this fact to estimate
the frequency of the labels in a local neighborhood around any
node v to obtain its estimated label ¥,. To this end, we can use any
LDP frequency oracle, such as randomized response [22], Unary
Encoding [52], or Local Hashing [52]. In this paper, we use ran-
domized response for two reasons: first, the number of classes is
usually small, and randomized response has been shown to work
better than other mechanisms in low dimensions [52]; and second,
it introduces a symmetric, class-independent noise to the labels by
flipping them according to the following distribution, which we
later exploit in our learning algorithm:

£ ify =
ply 1y) =T Y (1)
Pt otherwise

where y and y’ are clean and perturbed labels, respectively, ¢ is the
number of classes, and € is the privacy budget.

Similar to estimating the graph convolution with noisy features,
we also face the problem of small-size neighborhood if we only rely
on the first-order neighbors to estimate the label frequency. In order
to expand the neighborhood around each node, we take the same
approach as we did for features: we apply KProp on node labels,
ie, we set §y = argmax;e[c] hi(ys, Ky) for all o € Vo, where
h(.) is the KProp function, Ky, is the step parameter, and [c] =
{1,...,c}. With the mean aggregator function, at every iteration,
KProp updates every node’s label distribution by averaging its
neighbors’ label distribution. In this paper, however, we instead use
the GCN aggregator function [26]:

Yu

AGGREGATE ({y;, Yu € N(Z))}) = Z m

ueN(v)

Using the GCN aggregator leads to a lower estimation error than
the mean aggregator due to the difference in their normalization
factors, which affects their estimation variance. Specifically, the

normalization factor in the GCN aggregator is v/|N (u)| - [N (0)],
while for the mean, it is [N (v)| = V/|N ()| - [N (v)]. In other words,
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the GCN aggregator considers the square root of the degree of both
the central node v and its neighbor u, whereas the mean aggregator
considers only the square root of the central node v’s degree twice.
Since there are many more low-degree nodes in many real graphs
than high-degree ones, using the mean aggregator results in a small
normalization factor for most nodes, leading to a higher estimation
variance. But as many of the low-degree nodes are linked to the
high-degree ones, the GCN aggregator balances the normalization
by considering the degree of both link endpoints. Consequently,
the normalization for many low-degree nodes increases compared
to the mean aggregator, yielding a lower estimation variance.

As the step parameter Ky gradually increases, the estimated label
¥ becomes more similar to the clean label y. Therefore, an initial idea
for the training algorithm would be to learn the GNN using y instead
of y’ by minimizing the cross-entropy loss between p(y | x) and y,
namely ¢ (¥, p(y | x)). However, this approach has two downsides.
First, it causes the GNN to become a predictor for y and not y.
Although y tend to converge to y as Ky increases, the output of
KProp also becomes increasingly smoother, until the excessive
KProp aggregations lead to over-smoothing, after which y will
begin to diverge from y and become noisy again, while we are still
fitting y. Second, we cannot know how far we should increase Ky
to get the best accuracy and prevent over-smoothing without clean
validation data. One way to validate the model with noisy labels is
to calculate the accuracy of the target classifier f(x) for predicting
the estimated label y. However, suppose the model overfits the
over-smoothed labels. In that case, the corresponding validation
¥’s also becomes over-smoothed and can be well predicted by the
model, resulting in a high validation but low test accuracy.

To address the first issue, instead of minimizing ¢ (¥, p(y | x)),
we propose to minimize ¢ (¥, (¥ | x)), i.e., the cross-entropy loss
between the estimated label y and its approximated probability
p(¥ | x), which can be obtained by applying the same procedure
on p(y | x) as we did on y to obtain y. In the first place, we applied
randomized response on y to obtain y’, and then passed the result
to the KProp layer to get y. If we go through the same steps to
obtain p(y | x) and then minimize its cross-entropy loss with y, we
can keep p(y | x) intact when KProp causes over-smoothing, and
at the same time benefit from it’s denoising capability. To this end,
we first need to calculate p(y’ | x) from p(y | x):

A1) =D p(y 1y) By | %) (13)
y

where p(y’ | y) is directly obtained from (11). This step would be
analogous to applying randomized response to y and getting y’.
Finally, similar to applying KProp on y’ to get y, we treat p(y’ | x)
as soft labels and apply KProp with the same step parameter to
approximate p(¥ | x):

B(F 1 %) =softmax (h (p(y" | x),Ky)) (14)

where the softmax is used to normalize the KProp’s output as a valid
probability distribution. Finally, we train the model by minimizing
LA %),

To address the validation issue, we must make sure that our
validation procedure is not affected by the KProp step parameter
Ky. Clearly, if we use y for validation, by changing K, we are also
modifying estimated labels y, and thus we are basically validating
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different models with different labels. Therefore, we should only val-
idate the model using the noisy labels y’. Here, we choose the cross-
entropy loss between y’ and p(y’ | x), namely ¢ (y’, p(y’ | x)),
as Patrini et al. [39] show that this loss function, which they call
forward correction loss, is unbiased, meaning that under expected
label noise, £ (y’, p(y’ | x)) is equal to £ (y, p(y | x)), i.e., the orig-
inal loss computed on clean data. Therefore, we train the GNN
with different hyper-parameters, including Ky, and pick the one
achieving the lowest forward correction loss.

While this is in principle a reasonable idea, the forward correc-
tion loss on its own is not enough to prevent overfitting. That’s
because when Ky is small, the estimated label y is more similar to
the noisy one y’ than the clean label y, and thus the model overfits
to the noisy labels. In this case, the GNN becomes a predictor for
y’ rather than y, yielding a small forward correction loss. This is
an incorrect validation signal as it favors Ky, to be close to zero.
To overcome this issue and detect overfitting to label noise, our
approach is to look instead at the accuracy of the target classifier
f(x) = argmaxy p(y | x) for predicting the noisy labels y’. From
the randomized response algorithm, we know that the probability
of keeping the label is %. This gives us an upper bound on
the expected accuracy of a perfect classifier, i.e., the classifier with
100% accuracy on predicting clean labels. In other words, a per-
fect classifier can predict y” with an expected accuracy of at most
Acc* = #z_l. Therefore, if during training the model we get accu-
racy above Acc®, either on the training or validation dataset, we can
consider it a signal of overfitting to the noisy labels. More specif-
ically, we train the GNN for a maximum of T epochs and record
the forward correction loss and the accuracy of the target classifier
for predicting noisy labels over both training and validation sets at
every epoch. At the end of training, we pick the model achieving
the lowest forward correction loss such that their accuracy is at
most Acc®.

Putting all together, the pseudo-code of the LPGNN training
algorithm with Drop is presented in Algorithm 3, where we use
two different privacy budgets ex and €, for feature and label per-
turbation, respectively. The following corollary entails from our
algorithm:

COROLLARY 3.7. Algorithm 3 satisfies (€x + €y)-local differential
privacy for graph nodes.

Corollary 3.7 shows that the entire training procedure is LDP
due to the robustness of differential privacy to post-processing [15].
Furthermore, any prediction performed by the LPGNN is again
subject to the post-processing theorem [15], and therefore, satisfies
LDP for the nodes, as the LDP mechanism is applied to the private
data only once.

4 EXPERIMENTS

We conduct extensive experiments to assess the privacy-utility
performance of the proposed method for the node classification
task and evaluate it under different parameter settings that can
affect its effectiveness.

Algorithm 3: Locally Private GNN Training with Drop

Input :Graph G = (Vg U Vg, E); GNN model g(x, G; W);
KProp layer h(x, G; K); KProp step parameter for features
K, 2 0; KProp step parameter for labels Ky, > 0; privacy
budget for feature perturbation e, > 0; privacy budget for
label perturbation €, > 0; range parameters « and f;
number of classes ¢; maximum number of epochs T;
learning rate 7;

Output:Trained GNN weights W

Server-side:
2 Ve VeuVy
3 Send €y, €y, a, and f to every node v € V.

[

Node-side:
Obtain a perturbed vector x* by Algorithm 1.

'

«w

a

if current node is in Vy then

‘ Obtain a perturbed label y” by (11).
else

| v o

~

o ®

10 end

1

oy

Send (x*,y’) to the server.

12 Server-side:

13 Obtain x), using (4) for all v € V.

14 hy « h(x), G;Ky) forallo € V.

Vo < h(y,, G:Ky) forallo € V.

16 Partition ‘V into train and validation sets V" and V%%,
17 Acc® «— eV /(eY +c—1)

18 fort € {1,...,T} do

19 for all v € V, do in parallel

1Y

1

@

20 Py 1 %) < g(ho, G:W)
21 Obtain p(y’ | x,) using (13)
22 Obtain p(y | x,) using (14)
23 end

u | W W =0V Sy, o £ (50, (5 | %0))
% (5111 < Zue‘V_C”“l 4 (Y'u’f’(}" | Xv))
| Accyy < W Lgey vat Accuracy(p(y | xo), yo)

27 Acct, — W ZUG(VLIr Accuracy(p(y | x0),¥%)

28 end

29 ¢ argmin, £ ; such that Acc}, < Acc* and Acc! ; < Acc*
30 return W’

4.1 Experimental settings

Datasets. We used two different sets of publicly available real-
world datasets: two citation networks, Cora and Pubmed [61], which
have a lower average degree, and two social networks, Facebook
[42], and LastFM [43] that have a higher average degree. The de-
scription of the datasets is as followed:

e Cora and Pubmed [61]: These are well-known citation network
datasets, where each node represents a document and edges de-
note citation links. Each node has a bag-of-words feature vector
and a label indicating its category.

o Facebook [42]: This dataset is a page-page graph of verified Face-
book sites. Nodes are official Facebook pages, and edges corre-
spond to mutual likes between them. Node features are extracted
from the site descriptions, and the labels denote site category.



Table 1: Descriptive statistics of the used datasets

Dataser  #Crasses  #NODES #EDGES #FEATURES AvG. DEG.
Cora 7 2,708 5,278 1,433 3.90
PuBMED 3 19,717 44,324 500 4.50
FACEBOOK 4 22,470 170,912 4,714 15.21
LasTFM 10 7,083 25,814 7,842 7.29

e LastFM [43]: This social network is collected from the music
streaming service LastFM. Nodes denote users from Asian coun-
tries, and links correspond to friendships. The task is to predict
the home country of a user given the artists liked by them. Since
the original dataset was highly imbalanced, we limited the classes
to the top-10 having the most samples.

Summary statistics of the datasets are provided in Table 1.

Experiment setup. For all the datasets, we randomly split nodes
into training, validation, and test sets with 50/25/25% ratios, respec-
tively. Without loss of generality, we normalized the node features
of all the datasets between zero and onel, so in all cases, we have
a = 0 and f = 1. LDP feature perturbation is applied to the fea-
tures of all the training, validation, and test sets. However, label
perturbation is only applied to the training and validation sets, and
the test set’s labels are left clean for performance testing. We tried
three state-of-the-art GNN architectures, namely GCN [26], GAT
[47], and GraphSAGE [18], as the backbone model for LPGNN, with
GraphSAGE being the default model for ablation studies. All the
GNN models have two graph convolution layers with a hidden
dimension of size 16 and the SeLU activation function [27] followed
by dropout, and the GAT model has four attention heads. For both
feature and label KProps, we use GCN aggregator function. We opti-
mized the hyper-parameters of LPGNN based on the validation loss
of GraphSAGE using the Drop algorithm as described in Section 3
with the following strategy, and used the same values for other GNN
models: First, we fix Ky and Ky, to (16, 8), (16,2), (4,2), and (8, 2),
on Cora, Pubmed, Facebook, and LastFM, respectively, and for every
pair of privacy budgets (ex, €y) in (1, 1), (1, ), (0, 1), and (o, 00),
we perform a grid search to find the best choices for initial learning
rate and weight decay both from {1074, 1073, 1072} and dropout
rate from {10_4, 1073, 10_2}. Second, we fix the best found hyper-
parameters in the previous step and search for the best performing
KProp step parameters Ky and Ky both within {0, 2,4, 8,16} for
all ex € {0.01,0.1,1,2,3,00} and €, € {0.5,1, 2,3, co}. More specifi-
cally, for every ey (resp. €,) except oo, we use the best learning rate,
weight decay, and dropout rate found for ex = 1 in the previous
step (resp. €, = 1) to search for the best KProp step parameters.
All the models are trained using the Adam optimizer [25] over a
maximum of 500 epochs, and the best model is picked for testing
based on the validation loss. We measured the accuracy on the test
set over 10 consecutive runs and report the average and 95% confi-
dence interval calculated by bootstrapping with 1000 samples. Our
implementation is available at https://github.com/sisaman/LPGNN.

Note that this normalization step does not affect the privacy, as the range parameters
(a, f) are known to both the server and users, so the server could ask users to
normalize their data between 0 and 1 before applying the multi-bit encoder.
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4.2 Experimental results

Analyzing the utility-privacy trade-off. We first evaluate
how our privacy-preserving LPGNN method performs under vary-
ing feature and label privacy budgets. We changed the feature
privacy budget ex in {0.01,0.1, 1, 2,3, oo} and the label privacy bud-
get within {1,2,3, co}. The cases where €x = 0o or €, = oo, are
provided for comparison with non-private baselines, where we did
not apply the corresponding LDP mechanism (multi-bit for fea-
tures and randomized response for labels) and directly used the
clean (non-perturbed) values. We performed this experiment using
GCN, GAT, and GraphSAGE as different backbone GNN models and
reported the node-classification accuracy, as illustrated in Figure 3.

We can observe that all the three GNN models demonstrate
robustness to the perturbations, especially on features, and per-
form comparably to the non-private baselines. For instance, on the
Cora dataset, both GCN and GraphSAGE could get an accuracy of
about 80% at €, = 0.1 and ey =2, which is only 6% lower than the
non-private (€ = o) method. On the other three datasets, we can
decrease €x to 0.01 and €, to 1, and still get less than 10% accuracy
loss compared to the non-private baseline. We believe that this is a
very promising result, especially for a locally private model perturb-
ing hundreds of features with a low privacy loss. This result shows
that different components of LPGNN, from multi-bit mechanism to
KProp, and the Drop algorithm are fitting well together.

According to the results, the GAT model slightly falls behind
GCN and GraphSAGE in terms of accuracy-privacy trade-off, espe-
cially at high-privacy regimes ex < 1, which is mainly due to its
stronger dependence on the node features. Unlike the other two
models, GAT uses node features at each layer to learn attention
coefficients first, which are then used to weight different neighbors
in the neighborhood aggregation. This property of GAT justifies its
sensitivity to the features, and thus it degrades more than the other
two models when the features are highly noisy. On the contrary,
a model like GCN only uses node features in the GCN aggregator
function (Eq. 12) and thus can better tolerate the noisy features.
GraphSAGE averages neighboring node features and then appends
the self feature vector to the aggregation, and therefore it is not as
dependent as GAT on the features. Nevertheless, GAT could also
achieve comparable results for €, > 1 on all the datasets.

Analyzing the multi-bit mechanism. In Table 2, we com-
pared the performance of our multi-bit mechanism (denoted as
MB) against 1-bit mechanism (1B), Laplace mechanism (LP), and
Analytic Gaussian mechanism (AG) [5]. The 1-bit mechanism [11],
is obtained by setting m = d in Algorithm 1. The Laplace and Gauss-
ian mechanisms are two classic mechanisms that respectively add
a zero-mean Laplace and Gaussian noise to the data with a noise
variance calibrated based on the privacy budget, and are widely
used for both single value and multidimensional data perturbation.
Note that the Gaussian mechanism satisfies a relaxed version of
€-LDP , namely (€, §)-LDP, which (loosely speaking) means that
it satisfies e-LDP with probability at least 1 — § for § > 0. Here,
we use the Analytic Gaussian mechanism [5], the optimized ver-
sion of the standard Gaussian mechanism, with § = 1710, As all
these mechanisms are used for feature perturbation, we set the
label privacy budget €, = co and only consider their performance
under different e, € {0.01,0.1,1, 2}. According to the results, our
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Figure 3: Comparison of LPGNN’s performance with different GNN model under varying feature and label privacy budgets.

multi-bit mechanism consistently outperforms the other mecha-
nisms in classification accuracy almost in all cases, especially under
smaller privacy budgets. For instance, at ex = 0.01, MB performs
over 8%, 2%, 7%, and 12% better than the second-best mechanism
AG on Cora, Pubmed, Facebook, and LastFM, respectively. This is
mainly because the variance of our optimized multi-bit mechanism
is lower than the other three, resulting in a more accurate estima-
tion. Simultaneously, our mechanism is also efficient in terms of the
communication overhead, requiring only two bits per feature. In
contrast, the Gaussian mechanism’s output is real-valued, usually
taking 32 bits per feature (more or less, depending on the precision)
to transmit a floating-point number.

To verify that using node features in a privacy-preserving man-
ner has an added value in practice, in Table 3, we compare our
multi-bit features with several ad-hoc feature vectors that can be
used instead of the private features to train the GNN without any
additional privacy cost. ONEs is the all-one feature vector, OHD is
the one-hot encoding of the node’s degree, as in [59], and RND is
randomly initialized node features between 0 and 1. To have a fair
comparison, we set the feature dimension of all the methods equal
to the private features. We set €, = 1 and compare the LPGNN’s
result with multi-bit encoded features under €, € {0.01,0.1,1}. We
observe that LPGNN, with the multi-bit mechanism, even under
the minimum privacy budget of 0.01, significantly outperforms the
ad-hoc baselines in all cases, with an improvement ranging from
around 7% on Facebook to over 20% on Pubmed comparing to the
best performing ad-hoc baseline. Note that even though perturbed
features under very small e, are noisier and becomes similar to RND,
with the help of KProp, the resulting aggregation could estimate

— even if poorly - the true aggregation, which might be enough
for the GNN to distinguish between different neighborhoods. But
in the case of RND, the aggregations carry no information about
neighborhoods as the features are random, so the accuracy is worse
than the multi-bit mechanism. This result shows that node features
are also effective in addition to the graph structure, and we cannot
ignore their utility.

Analyzing the effect of KProp. In this experiment, we inves-
tigate whether the KProp layer can effectively gain performance
boost, for either node feature or labels. For this purpose, we varied
the KProp’s step parameters Ky and Ky both within {0, 2,4, 8, 16},
and trained the LPGNN model under varying privacy budget, whose
result is depicted in Figure 4. In the top row of the figure, we
change Ky € {0,2,4,8,16} and ex € {0.01,0.1, 1}, while fixing e,=1
and selecting the best values for Ky based on the validation loss.
Conversely, in the bottom row, we vary Ky € {0,2,4,8,16} and
€y € {0.5,1,2}, and set the best K at ex = 1.

We observe that in all cases, both the feature and the label KProp
layers are effective and can significantly boost the accuracy of the
LPGNN depending on the dataset and the value of the correspond-
ing privacy budget. Based on the results, the accuracy of LPGNN
rises to an extent by increasing the step parameters, which shows
that the model can benefit from larger population sizes to have
a better estimation for both graph convolution and labels. Fur-
thermore, we see that the maximum performance gain is different
across the datasets and privacy budgets. As the estimates become
more accurate due to an increase in the privacy budget, we see that
KProp becomes less effective, mainly due to over-smoothing. But at
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Table 3: Accuracy of LPGNN with different features

LDP mechanisms (e, = oo) (ey=1)
DATASET MECH. €x = 0.01 €x =0.1 €x =1 €Ex =2 FEATURE Cora PUBMED FACEBOOK LasTtFM
Cora 1B 458 £33 623+ 1.5 59.9 + 2.7 58.5 + 2.9 ONES 22.6 £5.0 38.9 + 0.4 29.0 + 1.4 19.6 + 1.8
LP 43.2 + 3.1 57.8 £ 2.3 61.9 + 3.1 58.1+ 2.1 OHD 44.4 + 3.5 52.5+5.7 77.2+0.3 66.4 + 1.6
AG 59.7+23 62.7+28 67.5+ 3.0 77.2 £ 1.9 RnD 26.4 + 3.0 56.0 = 1.3 35.2+5.6 323 +6.3
MB 68.0+29 646+32 839+04 84.0+0.3 MaM (€, = 0.01)  63.0 + 4.1 78.9 4 0.2 85.0 4 0.4 76.9 + 4.3
PusmED 1B 76.2+0.6 748 +£0.7 81.8+04 825+0.2 MBM (€5 = 0.1) 62.4+ 2.0 76.5 + 0.4 85.1+0.2 81.2+13
LP 76.6 + 0.5 752+1.0 81.9+04 824+0.2 MBM (€5 = 1) 69.3 +1.2 749+ 0.3 84.9 +0.2 82.1+1.0
AG 764+0.6 81.5+0.3 829+0.2 83.1+0.2
MB 789 +0.7 82.7+0.2 829+0.2 829+0.1
ranging with {0.5, 1.0, 2.0}, fixing ex = 1. We compare the result
Facesoox 18 S7.0+34 76316  861x06 840£13 of Drop with the classic cross-entropy, where we directly train the
Lp 542295 72521 85404 848%16 GNN with noisy labels. We also compare with the forward correc-
AG 782+14 85.6+07 920+01 924+0.2 tion method [39], described in Section 3. Note that since our method

MB 858+04 91.0+04 92.7+0.1 929+0.1

LasTtFM 1B 40574 562+21 755%25 681x4.1
LP 434+57 505+27 731+£29 67.2%6.7
AG 63.6+24 751+£19 67.7+42 635%46

MB 75.6+16 853+04 849x+08 859=+1.1

lower privacy budgets, KProp usually achieves the highest relative
accuracy gain.

In the case of feature KProp, the performance is also correlated
to the average node degree. For instance, at ex = 0.01, on the social
network datasets with a higher average degree, the accuracy gain
is around 6% and 10% on Facebook and LastFM, respectively, while
on lower-degree citation networks, it is over 20% on both Cora and
Pubmed, which suggests that lower-degree datasets can benefit
more from KProp. Furthermore, the optimal step parameter K, that
yields the best result also depends on the average degree of the
graph. For example, we see that the trend is more or less increasing
until the end for citation networks with a lower average degree.
In contrast, the accuracy begins to fall over higher-degree social
networks after Ky = 4. This means that in lower-degree datasets,
KProp requires more steps to reach the sufficient number of nodes
for aggregation, while on higher-degree graphs, it can achieve this
number in fewer steps.

Regarding the label KProp, the performance growth depends
not only on the average degree, but also on the number of classes,
which can significantly affect the accuracy of randomized response.
For instance, despite its high average degree, KProp could increase
the accuracy on LastFM with 10 classes by over 20% at €, = 0.5,
while on the other high-degree dataset, Facebook, which has 4
classes, this number is at most 5%. Low-degree datasets still can
benefit much from label KProp, with both Cora and Pubmed achiev-
ing a maximum of 30% accuracy boost at €, = 1 and €, = 0.5,
respectively.

Investigating the Drop algorithm. In this final experiment,
we investigate how using the Drop algorithm can affect the per-
formance of LPGNN under different feature privacy budgets €,

does not rely on any clean validation data and is tailored for GNNs,
it is not directly comparable to other general methods for deep
learning with noisy labels that do not have these two characteris-
tics. Table 4 presents the accuracy of different learning algorithms
for the three label privacy budgets. It is evident that our Drop al-
gorithm substantially outperforms the other two methods and can
remarkably increase the final accuracy compared to the baselines,
especially at high-privacy regimes with severe label noise, and also
on datasets like LastFM with a high number of classes. Specifically,
at ey = 0.5, using Drop improves the accuracy of LPGNN by over
24%, 31%, 6%, and 25% on Cora, Pubmed, Facebook, and LastFM,
respectively, compared to the forward correction method. As €,
increases to 2, the labels become less noisy, so the accuracy differ-
ence between Drop and the other baselines shrinks. Still, Drop can
perform better or at least equally compared to the forward correc-
tion method. This result suggests that Drop can effectively utilize
the information within the graph structure to recover the actual
node labels, and more importantly, it can achieve high accuracy
without using any clean labels for model validation, e.g., for early
stopping or hyper-parameter optimization.

5 RELATED WORK

Graph neural networks. Recent years have seen a surge in
applying GNNss for representation learning over graphs, and nu-
merous GNN models have been proposed for graph representation
learning, including Graph Convolutional Networks [26], Graph
Attention Networks [47], GraphSAGE [18], Graph Isomorphism
Networks [59], Jumping Knowledge Networks [60], Gated Graph
Neural Networks [32], and so on. We refer the reader to the avail-
able surveys on GNNs [19, 57] for other models and discussion on
their performance and applications.

Local differential privacy. Local differential privacy has be-
come increasingly popular for privacy-preserving data collection
and analytics, as it does not need any trusted aggregator. There have
been several LDP mechanisms on estimating aggregate statistics
such as frequency [7, 16, 52], mean [11, 12, 50] heavy hitter [54], and
frequent itemset mining [40]. There are also some works focusing
on learning problems, such as probability distribution estimation
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Figure 4: Effect of the KProp step parameter on the performance of LPGNN. The top row depicts the effect of feature KProp
with e, = 1. The bottom row shows the effect of label KProp with e, = 1. The y-axis is not set to zero to focus on the trends.

Table 4: Effect of Drop on the accuracy of LPGNN (e = 1)

DATASET €y CRoOSs ForwARD Dror
ENTROPY CORRECTION

Cora 0.5 18.6 + 1.3 18.6 + 2.5 429+ 1.5
1.0 255+ 1.7 37.1+25 69.3 £ 1.2
2.0 529 + 2.1 75.1+ 1.0 78.4 + 0.7

PuBMED 0.5 371+ 0.9 387+ 1.4 69.8 = 0.7
1.0 65.4 + 0.6 68.8 + 0.7 74.9 £ 0.3
2.0 80.5+0.2 81.0 £ 0.2 81.0 £ 0.2

FaceBook 0.5 509 + 4.2 68.9 + 1.3 75.1+ 0.6
1.0 552+ 13 73.8 £ 1.1 84.9 +£0.2
2.0 81.6 £ 1.2 88.9+0.2 90.7 £ 0.1

LAsTFM 0.5 21.1 £ 4.6 449 +53 70.0 + 3.0
1.0 284 +25 58.5 3.6 82.1+ 1.0
2.0 56.8 + 2.8 79.2+ 1.3 85.7 £ 0.7

[3, 12, 22], heavy hitter discovery [6, 8, 54], frequent new term dis-
covery [49], marginal release [10], clustering [37], and hypothesis
testing [17]. Specifically, LDP frequency oracles are considered as
fundamental primitives in LDP, and numerous mechanisms have
been proposed [4, 6, 7, 16, 52, 62]. Most works rely on techniques
like Hadamard transform [4, 6] and hashing [52]. LDP frequency
oracles are also used in other tasks, e.g., frequent itemset mining
[40, 53], and histogram estimation [22, 51, 55].

Privacy attacks on GNNs. Several recent works have attempted
to characterize potential privacy attacks associated with GNNs and
quantify the privacy leakage of publicly released GNN models or
node embeddings that have been trained on private graph data.

He et al. [1] proposed a series of link stealing attacks on a GNN
model, to which the adversary has black-box access. They show
that an adversary can accurately infer a link between any pair of
nodes in a graph used to train the GNN model. Duddu et al. [13]
presents a comprehensive study on quantifying the privacy leakage
of graph embedding algorithms trained on sensitive graph data.
More specifically, they introduce three major classes of privacy
attacks on GNNs, namely membership inference, graph reconstruc-
tion, and attribute inference attack, under practical threat models
and adversary assumptions. Finally, Wu et al. [56] propose a model
extraction attack against GNNs by generating legitimate-looking
queries as the normal nodes among the target graph, and then
utilizing the query responses accessible structure knowledge to re-
construct the model. Overall, these works underline many privacy
risks associated with GNNs and demonstrate the vulnerability of
these models to various privacy attacks.

Privacy-preserving GNN models. While there is a growing
interest in both theory and applications of GNNs, there have been
relatively few attempts to provide privacy-preserving graph repre-
sentation learning algorithms. Xu et al. [58] proposed a differentially
private graph embedding method by applying the objective per-
turbation on the loss function of matrix factorization. Zhang and
Ni [66] proposed a differentially private perturbed gradient descent
method based on Lipschitz condition [20] for matrix factorization-
based graph embedding. Both of these methods target classic graph
embedding algorithms and not GNNs. Li et al. [29] presented a
graph adversarial training framework that integrates disentangling
and purging mechanisms to remove users’ private information from
learned node representations. Liao et al. [33] also follow an adver-
sarial learning approach to address the attribute inference attack on
GNNs, where they introduce a minimax game between the desired
graph feature encoder and the worst-case attacker. However, both



of these works assume that the server has complete access to the
private data, which is as opposed to our problem setting.

There are also recent approaches that attempted to address pri-
vacy in GNNs using federated and split learning. Mei et al. [35]
proposed a GNN based on structural similarity and federated learn-
ing to hide content and structure information. Zhou et al. [68]
tackled the problem of privacy-preserving node classification by
splitting the computation graph of a GNN between multiple data
holders and use a trusted server to combine the information from
different parties and complete the training. However, as opposed
to our method, these approaches rely on a trusted third party for
model aggregation, and their privacy protection is not formally
guaranteed. Finally, Jiang et al. [21] proposed a distributed and
secure framework to learn the object representations in video data
from graph sequences based on GNN and federated learning, and
design secure aggregation primitives to protect privacy in federated
learning. However, they assume that each party owns a series of
graphs (extracted from video data), and the server uses federated
learning to learn an inductive GNN over this distributed dataset
of graphs, which is a different problem setting than the node data
privacy we studied.

6 CONCLUSION

In this paper, we presented a locally private GNN to address node
data privacy, where graph nodes have sensitive data that are kept
private, but a central server could leverage them to train a GNN for
learning rich node representations. To this end, we first proposed
the multi-bit mechanism, a multidimensional e-LDP algorithm that
allows the server to privately collect node features and estimate
the first-layer graph convolution of the GNN using the noisy fea-
tures. Then, to further decrease the estimation error, we introduced
KProp, a simple graph convolution layer that aggregates features
from higher-order neighbors, which is prepended to the backbone
GNN. Finally, to learn the model with perturbed labels, we proposed
alearning algorithm called Drop that utilizes KProp for label denois-
ing. Experimental results over real-world graph datasets on node
classification demonstrated that the proposed framework could
maintain an appropriate privacy-utility trade-off.

The concept of privacy-preserving graph representation learn-
ing is a novel field with many potential future directions that can
go beyond node data privacy, such as link privacy and graph-level
privacy. For the presented work, several future trends and improve-
ments are imaginable. Firstly, in this paper, we protected the privacy
of node features and labels, but the graph topology is left unpro-
tected. Therefore, an important future work is to extend the current
setting to preserving the graph structure as well. Secondly, we
would like to explore other neighborhood expansion mechanisms
that are more effective than the proposed KProp. Another future
direction is to develop more rigorous algorithms for learning with
differentially private labels, which is left unexplored for the case of
GNNGs. Finally, an interesting future work would be to combine the
proposed LPGNN with deep graph learning algorithms to address
privacy-preserving classification over non-relational datasets with
low communication cost.
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DEFERRED THEORETICAL ARGUMENTS

A.1 Theorem 3.1

Proor. Let M(x) denote the multi-bit encoder (Algorithm 1)
applied on the input vector x. Let x* = M(x) be the encoded vector
corresponding to x. We need to show that for any two input features

Pr{ M(x;)=x"]

X1 and X2, We have W < ec.



According to Algorithm 1, for any dimension i € {1,2,...,d},
it can be easily seen that x] € {~1,0,1}. The case x] = 0 occurs
when i ¢ S with probability 1 — 27, therefore:

Pr(M(x1);i=0] 1-m/d _ .
Pr[M(Xz)i=0]_1_m/d—1S€, Ve > 0 (15)

According to Algorithm 1, in the case of x;‘ € {-1, 1}, we see that

1 yom, em
e€/m4 d ec/myiq
depending on the value of x;. Analogously, the probability of x] =

_ : m 1 m, e’
1 also varies from wefmy1 © 7 gefmir

Pr[M(x1)i € {-1,1}]  maxPr[M(x1); € {-1,1}]
Pr[M(xz2); € {-1,1}] = minPr[M(xz); € {-1,1}]

the probability of getting x} = 1ranges from -

e/m
¢ Therefore:

m e€/m
d " ee/m
< 4 eflm+l < eE/m (16)
m, __1
d " eclmi

Consequently, we have:

Pr [M(x1) = x*] _ ﬁ Pr [M(xl)i = x;k]
Pr [M(xz2) = x*] Pr [M(xz); = x]]
_ Pr [M(xl)j :0]
j\x;f:O Pr [M(XZ)]' = 0]
Pr [M(x1)g € {-11}]

X PriMCoy € (L] D)

i=1

klx: e{-1,1}
rl Pr [M(x1)g € {-1,1}] (18)
PERT Pr[M(x2)r € {-1,1}]
< [ e/ (19)
xpe{-11}
<e (20)

which concludes the proof. In the above, (18) and (19) follows from
applying (15) and (16), respectively, and (20) follows from the fact
that exactly m number of input features result in non-zero output.

O

A.2 Proposition 3.2
We first establish the following lemma and then prove Proposi-
tion 3.2:

LEMMA A.1. Letx™ be the output of Algorithm 1 on the input vector
x. For any dimension i € {1,2,...,d}, we have:

m ef/m_1 xXji— o
El|xi|=—" 2. -1 21
R R I R B
and
. m m ef/m_1 Xi—«a g
Var[xl-]:E— E-ee/m_'_l-(z-ﬁ_a—l) (22)

Proor. For the expectation, we have:
E [x;k] =E [x;‘ | si = 0] Pr(si=0)+E [xl* | si = 1] Pr(si =1)
m
=2 @E[n] -1 (23)
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Since t; is a Bernoulli random variable, we have:

_ 1 xi—a ef/m_1
Elul = e€/m 4 1 * f-—a e€/m 41 (24)
Combining (23) and (24) yields:
N m 1 xi—a e/m—1
Elxi|=—-12 . -1
[xz] d [ (ee/m+1+ﬂ_a ee/m+1) }
_m 1—e/m xi—a ef/m-1
T d |ee/m 4 B—a eclmy1
m ef/m_1 Xi—a
= 2 -1 25
d e/myi ( B-a ) @)

For the variance, we have:
Var [x] :E[(xi) ] ~E[x]
=E [(xl*)z | si = 0] Pr(s; = 0)
+E [(x;k)z | si = 1] Pr(s; =1) - E [xf]z

Given s; = 1, we have x} = +1, and thus (x;‘)z = 1. Therefore,
combining with (25), we get:

2
qoom m ef/m_1 Xi—a
Var[xi]zg_[g'ee/m+l'(Z.ﬁ—a_l)} 9

O

Now we prove Proposition 3.2.

Proor. We need to show that E [x; i] = xy,; forany v € V and

any dimension i € {1,2,...,d}.
d(f-a) /™41 L1 a+p
Bl =T e Bl e @
Applying Lemma A.1 yields:
]E[x;] _ d(f-a) e€/m 41 ﬁee/m—l zxo,i—a 1
o 2m  e€/m _1 | d e€/m 41 f—a
+ a+p
2
_p-a (2xv,i—a_1) a+p
2 -« 2
B p—a N a+p
=Xpi— 2 5 = Xu,i
]

A.3 Proposition 3.3
ProoF. According to (4), the variance of xz’”. can be written in
terms of the variance of x} ; as:

2

RPN S
0,0

2m e€/m _ 1

Var [xl'u.] =
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Applying Lemma A.1 yields:
d(f-a)

2m ef/m -1

2
™ ﬁ.es/m_l.z.xv’i_a_l
d d e€/m4q f-a

e€/m 41 2
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2 .ee/m—l

U
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|
]

A.4 Proposition 3.4

Proor. We look for a value of m that minimizes the variance of
the multi-bit rectifier defined by (4), i.e., Var[x] ], for any arbitrary
nodeo € V and any arbitrary dimension i € {1, ,2,...,d}.However,
based on Proposition 3.3, Var[x, ] depends on the private feature
Xy,i, which is unknown to the server. Therefore, we find the optimal
m, denoted by m*, by minimizing the upperbound of the variance:

m* = arg min max Var[x'] (28)

m X
where we omitted the node v and dimension i subscripts for sim-
plicity. From Proposition 3.3, it can be easily seen that the variance

is maximized when x = #, which yields:
d ﬁ —a elmiq)
\% = — _— 29
max ar[x’] o Cm (29)

(e “) =Cozrcoth?(D)  (30)
‘.

o \2

where we set z = = and C = (‘BTa) , and coth(.) is the hyper-
bolic cotangent. Therefore, minimizing (29) with respect to m is
equivalent to minimizing (30) with respect to z, and then recover

m* as -=» Where z* is the optimal z minimizing (30). More formally:
z
z* = arg min [C -z cothz(é)]
z

= arg mzin [z - coth? (g)]

where the constant C were dropped as it does not depend on z. The
function f(z) = z - cothz(g) is a convex function with a single
minimum on (0, ), as shown in Figure 5. Taking the derivative of
f(.) with respect to z and set it to zero gives us the minimum:

f(z) = —z cothz( )—coth( ) coth(= )—z cschz( ) =0

and then we have:
coth(3)  sinh(z)

£ cschz(g) E e

20 -

15

10

f(2)

Figure 5: Plotting f(z) = z - cothz(g). The gray dashed line
indicate the location of the minimum.

Solving the above equation yields z* =~ 2.18, and therefore we have

m* = 5%z However, m should be an integer value between 1 and
d. To enforce this, we set:
* . €
m™ = max(1, min(d, [—J 32
(Lmin(d, |5 ])) (32)
m}

A.5 Corollary 3.5

ProoF. We need to show that the following holds for any node
veV:

E [hN(v)] =hp(y)
The left hand side of the above can be written as:

E [EN(U)] = E [AGGREGATE ({x],, Yu € N (0v)})]

Since AGGREGATE is linear, due to the linearity of expectation, the
expectation sign can be moved inside AGGREGATE:

E [EN(U)] = AGGREGATE ({E [x;,| .Vu € N(v)})
Finally, by Proposition 3.2, we have:
E [HN(U)] = AGGREGATE ({xy, Yu € N(0)}) =hp(y)

A.6 Proposition 3.6
ProoF. According to (4) and depending on Algorithm 1’s output,

for any node u € V and any dimension i € {1,2,...,d}, we have:
atp _ d(f-a)  ef/mi1 _
Tﬁ T T 2m edlm_ ifx,; =-1
’ a+, .
Xui = Tﬂ d(ﬁ ) el lfxli,z
a+, a ef/My1 Y
5= ef/'"—l 1fxu’l. =1
and therefore
a+p a+f
Xy € [T -G +C]
where )
df—a) efMm+1
C= (f-a) (33)
2m ee/m -1
Therefore, considering that x,,; € [a, f], we get:
-a
x; i~ Xui| < +C (34)
and also by Proposition 3.2, we know that
E [x;,i - xu,i] =0 (35)



On the other hand, using the mean aggregator function, for any

node v € V and any dimension i € {1,2,...,d}, we have:
1
(N )i = T D, i
|N(U)| ueN(v)
-~ 1
(n)i= o D X (36)
|N(U)| ueN(v)

Considering 34 to 36 and using the Bernstein inequality, we have:

S [CREtVATER

=Pr|| > (x; —%ui)| = AN()]
ueN(v)

PIN @)

<2-expy-— —
~xil + 35+ 0)

W SueN(o) Varlx,

=2-expy— ZIN@)] (37)
2var[x, ]+ 22555 +0)

We can rewrite the variance of x; ; in terms of C as:

2
=2 _ (xUE,- - “;ﬁ) (38)

Var[x;’i] y

The asymptotic expressions involving € are evaluated in € — 0,
which yields:

d(/f )

C=—"0(— )—O( ) (39)

and therefore we have:
, m d\* a+p 2 md
Vartsiy) = 5 (0D - (i “52) =0 w0

Substituting (39) and (40) in (37), we have:

Pr H(HN(U))i - (hN(o))i‘ > /1] <2-exp {_M}

o) +10(4)

Sajadmanesh and Gatica-Perez

According to the union bound, we have:

.....

=UPr[

(HN(U))i = (hn()i| = A]

(hp(o))i = (hN(v))i| > /1]

AN
o(™d) +20(4)

To ensure that max;c (1,4} |(EN(u))i = (hp())i| < A holds with
at least 1 — § probability, it is sufficient to set
2
d=2d-exp —% (41)
o( ':—2) +20(%)
Solving the above for A, we get:
dlog(d/é
-0 (_ng ) )
eVIN ()]
O

A.7 Corollary 3.7

Proor. The training steps in Algorithm 3.1 only process the
output of the multi-bit encoder and the randomized response mech-
anism, which respectively provide ex-LDP and €,-LDP for each
node. Private node features and labels are not used anywhere else
in the algorithm except by the multi-bit encoder and the random-
ized response mechanism. Since Algorithm 3 calls the encoder and
randomized response only once per node, and due to the basic com-
position theorem and the robustness of differentially private algo-
rithms to post-processing [15], Algorithm 3 satisfies (ex + €;)-LDP
for each node. O
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