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Abstract—The relation between morphological gray-level I. INTRODUCTION
connected operators and segmentation algorithms based on region .
merging/classification strategies has been pointed out several ATHEMATICAL morphology [25] pursues the de'S|gn
times in the recent literature. However, to the best of our knowl- of nonlinear operators to process and analyze images

edge, the formal relation between them has not been established.and extract useful information from them, based on the develop-
This paper presents the link between the two domains based on ment of both image models and a mathematical theory that de-

the observation that both connected operators and segmentation . . . .
algorithms share a key mechanism: theysimultaneously operate scribes fundamental properties of the desired image operators.

on images and on partitionsand therefore they can be described COMPplete lattices constitute one appropriate algebraic frame-
as operations on a joint image-partition model. As a result, we Wwork for such task [26], [15], thus framing mathematical mor-

analyze both segmentation algorithms and connected operators phology as the study of operators on complete lattices.
by defining operators on complete product lattices, that explicitly Connected operatorepresent one of the main contributions

model gray-level and partition attributes. In the first place, . . -~ .
starting with a complete lattice of partitions, we initially define of mathematical morphology to binary and gray-level image

the concept of segmentation modehs a mapping in a product Processing and analysis [28]. They are characterized by the pe-
lattice, whose elements are three-tuples consisting of a partition, culiar property of preserving image contours, because they op-
an image that models the partition attributes, and an image that erate on aregional basis: they transform an image by selec-
[rehpresents the gray-levg!t_moo:el %SSPCiate‘lj tt'o the Segi:“er‘tt""hti‘z”-tively altering the intensity of connected sets of pixels of con-
en, assuming a conditional ordering relation, we show thal ‘o o

any region merging/classification segmentation algorithm can stant grey-level, calleat zone_sThls |m_p0rtant _char_a_cte_rlstlc
be defined as an extensive operator in such a complete product makes this class of operators ideal for image simplification and
lattice. In the second place, we proposed a very similar lat- for other applications where contour preserving is necessary,
tice-basedextended representation of gray-level functionis the |ike image and video segmentation [7], [22], [23].

context of connected operators, that highlights the mathematical | the same morphological framework, the fundamental, yet

anal_ogy 'Wlth_ segmentation algc_mthms, but in which the ordering unsolved problem oimage segmentatiocan be conceived as
relation is different. We use this framework to show that every

region merging/classification segmentation algorithm indeed an issué of designingperators in lattices of partitionsThis
corresponds to a connected operator. While this result provides an formalism has attracted recent attention for video analysis [8]
explanation to previous work in the area, it also opens possibilities and video object extraction [9].
for further analysis in the two domains. From this perspective, we  The relation between image segmentation and connected op-
addltl_onally study some theo_retlcal properties of a general region erators goes beyond the application domain. In fact, the sim-
merging segmentation algorithm. o .
ilarities between connected operators and segmentation algo-
ne'cntggx geé?;StO—rEXtergt‘;]eerggtritg;?” ,ﬁgfrﬁé?és’ gr?)y-elfz\;\/tec!rscorgn rithms based oregion merging/region classificatidmave been
complete plattices,’ region merging/clagsificagt%n Eegmentation pointed out several times in the Ilterature [5]‘ [8], [9]. O.n. one
algorihtms. hand, the flat zones of a gray-level image induce a partition of
the image support, and the definition of a connected operator
itself is based on the relation between the flat-zone partitions
induced by the input and output images. In other words, con-
nected operators create a hierarchy of flat-zone partitions, em-
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for definition of both connected operators and region merging Definition 1: A complete lattice £ is a set with a partial
methods. However, gray-level connected operators and partitmnder relation< for which each of its subset€ C £ has
lattice operators map elements in different domains, and, to @einfimum(greatest lower bound)/’, and asupremunileast
best of our knowledge, the formal relation between them has ngtper boundy K. WhenkC = {X;, X5, ..., X, }, infimum and
been established. supremum are denoted By A Xo A--- A X,,,andX; VvV XoV

In this paper, we propose a way of interpreting such connec-V X,,, respectivelya andv are binary operations ofy hence
tion, based on the observation that connected operators and $€gA, V) constitutes an algebraic structure.
mentation algorithms share a key mechanism: they simultaneLet £ and M be complete lattices. It can be shown that the
ously operate on an imagedon a partition, and therefore, theyset of allmappings or operatorsI" = {~;} from £ to M in-
can be described as operations on a jointimage-partition modwedrits the partial ordering structure by defining < v, <
As a result, we analyze both segmentation algorithms and coptX) < +,;(X),VX € £, and also constitutes a complete lat-
nected operators by defining operators on complete product léte. A number of properties of operators on complete lattices
tices, that explicitly model gray-level and partition attributes. Ithat will be studied in the rest of the paper can be enumerated
the first place, starting with a complete lattice of partitions, was follows.
initially define the concept afegmentation modak a mapping  Definition 2: Let £, M, andS be complete lattices.

in a product lattice, whose elements are three-tuples consistingl) Theidentity operator on £ (id ) maps every element of
of a partition, an image that models the partition attributes, and 1 onto itself.

an image that represents the gray-level model associated to the) Thecompositionof operators is defined in the usual way:
segmentation. Then, assuming a conditional ordering relation, if o : £ — M, andg : M — S, then the oper-
we show that any region merging/classification segmentation  ator+ : £ — S is defined by (X) = Bla(X)) =
algorithm can be defined as an extensive operator in such a (Ba)(X),VX € L.

complete product lattice. In the second place, we proposed a3) An operator) : £ — M is called

very similar,extended representation of gray-level functioms a) increasingiff it is order-preserving, i.eX < Y <
the context of connected operators, that highlights the mathe- H(X) < P(Y),VX,Y € L; -

matical analogy with segmentation algorithms. Such a repre- P
sentation allows for the formulation of the main result of this
paper, namely, that each generic region merging/classification  and its inverse) ! are increasing. Lattice iso-
segmentation operator indeed corresponds to a connected oper- morphisms preserve infima and suprema, that is,
ator. While this result provides an explanation to previous work P(X AY) = p(X) Ayp(Y), andp(X VY) =

in the area [5], [8], it also opens possibilities of further anal- (X)) v p(Y).

ysis in the two domains. From this perspective, we additionally
study some theoretical properties of a general region merging
segmentation algorithm, as proposed in [8].

The rest of the paper is organized as follows. Section Il re-
views the concepts from complete lattice theory that are nec-
essary for our development. Section Ill proposes the complete
lattice framework for segmentation models and generic region
merging algorithms. Section IV reviews the basic notions of X o . ,
gray-level connected operators, and then presents a product lat-  ¢) OPening (resp.closing) iff it is an anti-extensive
tice model for gray-level functions that is convenient to analyze (resp. extensive) morphological filter.
the links between connected operators and segmentation algo?) A leftinverse ¢/ of an injective operatog : £ — M
rithms. Section V presents the analysis of the links between the IS @ surjection)™ : M — £ such that the composition
different types of operators. From this formulation, Section VI % ¢ is the identity onZ,id .
further illustrates the approach by presenting the analysis of6) Arightinverse s of a surjective operatap : £ — M
a general region merging operator. Section VII provides some  is an injectionyy™ : M — L such that the composition
final thoughts. Finally, an Appendix concentrates the mathemat- %%~ is the identity onM, id o+

ical details, summarizing notation and proofs for all the stated 7) Theinvariance domain Inv(y) of an operator) is the
properties. set of all elements( € £ such that(X) = X. EachX

is called afixpoint or invariant underzy.

b) lattice isomorphism iff it is a bijection (injective
or one-to-one, and surjective or onto), and if both

4) An operator) : £ — L is called
a) extensiveiff X < ¢(X)VX € L. Similarly, de-
creasing and anti-extensive operators can be de-
fined;
b) idempotentiff 1 (¢(X)) = »(X) VX € L;
¢) morphological filter iff it is increasing and idem-
potent;

Il. FUNDAMENTALS OF COMPLETE LATTICE THEORY B. Lattices of Gray-Level Functions and Partitions

A. Definitions Gray-level (color) images and image segmentation have a

In this section we present some basic definitions from comlear formulation from a lattice-theoretic perspective, by using
plete lattice theory for sake of completeness and clarity of noteemplete lattices of scalar (vector) functions and of partitions,
tion, as discussed in [26], [6], [15], [19]. The reader is referreg@spectively. We review such definitions in the following.
to these references for further treatment. For a quick referenceDefinition 3: Let £ be a complete lattice angl an arbitrary
the Appendix contains a glossary of the main symbols usedrionempty set. Then theet of all functions f; : £ — £, de-
the rest of the paper. noted byFun(E, £), is a complete lattice of mappings, with
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the partial order relation defined bj < f; < fi(z) < symmetriesbetweenthe twodomains, by developing arepresen-
filz),Vz € E, fi, f; € Fun(&, £) [15]. The supremum and tation for both classes of operators, helpful for disclosing their

infimum are also pointwise-defined: relations.
/\ il (@)= /\(fi(x)); [ll. EXTENSIVE PARTITION OPERATORS ANDSEGMENTATION
i i ALGORITHMS
\/ 5 ) (@) = \/(f (z)), z€E As a blackbox, segmentation algorithms essentially establish
; ’ ; ’ ’ ' a rule of correspondence between the original partition of an

image support-usually the finest partitidf,—- and a new one
The particular case in whicB ¢ 22, whereZ denotes the [30]. In morphological terms, this can be defined as follows
setofintegers,and = {0, 1,...L—1},defines @omplete lat- [26].
tice of discrete, gray-level imagesuantized td. levels, which ~ Definition 5: A partition lattice operator <> is a mapping
is also denoted b¥fun(Z?), or simply byFun(-) in this paper. from a complete lattice of partitions into itseff: 11 — 11.
Furthermore, the case = 2 corresponds to binary images. Some basic operators were originally proposed in [26]. More
Definition 4: Given a sett and its powerseP(E), aparti- recent studies include [8] and [9]. As discussed in these ref-
tion of E is a mapping?P : E — P(E) such thatvz,y € E, erences, the segmentation techniques basedgion merging
(i) = € P(x), and (i) P(z) = P(y) or P(z) N P(y) = ¥ [26]. [12], [8], [13] andregion classificatior{2], [3], [11], [9] corre-
P(z) is called thezoneor region of P that containsz. It can spond toextensivepartition operators, as the original partitions
be proved that the set of all partitions of the spdteonsti- are finer than the transformed on@g < «(F;),VF; € II).
tutes a complete lattice of mappings [30], denotedlpyvhere ~ However, as we discuss in the following, a region
the partial ordering relation is defined & < P; — F;(z) C merging/classification segmentation algorithm makes use
Pj(z),Yx € E,P;, P; € 1I. In this casep; is said to befiner of additional information other than the sole partition informa-
thanP;. The infimum of a set of partitions indexed bis given tion. On one hand, region merging methods are iterative, and
by require three elements for their specificationtegion model
that represents the attributes (gray-level/color, size) of each of
the regions of a partition; merging ordetthat defines the order
</\ Pi) (z) =NiPi(x) Vr ek, in which two neighboring regions will be used as candidates
g for merging; and anerging criterionthat defines whether the

that is, the infimum is the partition made of the intersections Sf'€cted regions should be merged or not [8]. The merging

all regions in the original set of partitions. On the other han&riterion includes the definition of a termination criteria for
the supremum is given by ' the merging process. A typical example of a region merging

segmentation algorithm is shown in Fig. 1(c). Given the original
imagef and an initial partition, a region merging algorithm
<\/ Pi) (x) has been applied to generate the partitln = ,,,(FP) in
i Fig. 1(c). In this algorithm, the region model consists in the
={B:B=U;Uycp P,(y),z € B,B € P(E)}, median gray-level of each region, the merging order is given
by the minimium size of any two adjacent regions times their
which is the finest partition that is larger than each of the imegion model difference, and the merging criterion consists in
dividual ;. For the two-partition casép; v P;)(z) = (F; vV merging two regions whenever either of their size is less than
Py)(y) if Pi(x) = P;(y) or P;(x) = P;(y). Additionally, the a threshold (refer to [8] for details). On the other hand, region
least and greatest elementslbtorrespond to the finest parti- classification algorithms [3], [2], [9], [11] assign a class label
tion Py and the coarsest partitidfy, such that’s(xz) = z and to the regions of a partition, given statistical criteria. For their
Pr(xz) = E forall z € E. In the case of a discrete imag®, specification, such algorithms also require three elements:
corresponds to the partition that has as many regions as pixelerence informationthat defines the number of classes and
in the image, and?; corresponds to a partition that consists datheir attributes; aegion modelthat specifies the corresponding
a single region that includes all pixels. features for each zone in a partition; andclassification
The previous two Definitions constitute the basic models fariterion, that establishes the rule for class label assignment
image processing and analysis, namahages and partitions to each of the regions. An example of a region classification
of the image supporOn one hand, a lattice of partitions repsegmentation algorithm is shown in Fig. 1(d). The partition
resents a proper framework to analyze segmentation operatidhs= .(P) has been generated assuming two claé%e€’;,
[26], [5], [8], and will be analyzed in more detail in Section Ill.and a Gaussian mixture intensity model for each class, that have
On the other hand, there has been considerable progress orb#en learned using training data. The region model remains
analysis and design of operators Ban(Z2?), also known as the same as before, and the regional classification criterion is
gray-scale morpholog}26], [15]. In particular, the class of con- maximuma posteriori(MAP)
nected operators, discussed in Section 1V, has also demonstrated
its applicability for image simplification and segmentation pur-

poses [28], [4], [16]. The next two sections will highlight the () = argm?XPr(Cf [6(x)), J€{0.1}
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Fig. 1. (a)Bream (b) initial partition of the image support, (c) partition generated by region merging, and (d) partition generated by region classification.
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Fig. 2. (a) A digital imagef and (b) a partitionP generate two components for a region model: 0#q ) that reflects properties of the partition, and another
(©¢) that characterizes the gray-level properties and hence depends ho#indfP. In particular,© 4 (P) represents (c) the cardinality (area) of each region,
and©s(f, P) represents (d) their median gray-level.

where f(x) denotes the model aP(z), the region ofP that 1) an attribute region model is a mapping 6,
containsz. Note that in this operation each region is classified P(E) — Z, that can be extended as a mapping
independently. ©4 : II — Fun(2?), so that® 4(P)(z) = 04(P(x)).
One could ask whether these two very different conceptions  The image® 4(P) is calledpartition attribute image .
for segmentation have anything in common, and if so, how to 2) agray-level region modelis a mappin@®¢ : Fun(Z?)x
formalize such coincidences from a lattice-theoretic perspec- II — Fun(Z?). The image©q(f, P) is referred to as
tive. To this end, we start in this section by defining a segmenta-  gray-level model image
tion model in a complete lattice framework, and then conceive Fig. 2 illustrate the model definitions.
a generic region merging/classification segmentation algorithmClearly, the mapping® ., are not injective in general when
as an extensive operator in a complete product lattice. Such feize or shape are used as attributes. This situation is illustrated in
malism not only will allow for the study of theoretical properties-ig. 3. The same holds f&@( f, P), as shown in Fig. 4: given
of segmentation algorithms, but also will be the clue to establighpartition, several images map to the same gray-level model
their links with gray-level connected operators. image. It will be convenient to define the equivalence relation
in Fun() induced by®.
Definition 7: The equivalence relationQe,, in Fun(z2?)
From the previous description and Fig. 1, we notice that thieduced byO is given by
region model constitutes a fundamental common point in region
merging/classification algorithms. In general, given an image
f € Fun(2?) and a partitionP, a region model can be charac-  Vfi, f2, f =Qo,, 2 < Oc(f1,P) =0c(f2,P) (1)
terized by two main components. The first one consists of a set
of attributes that isolelyrelated to characteristics of the partiwhere fi =q,_. f» denotes the equivalence of and
tion, like the cardinality of each of the regions (related to its siz& under the reIauonQ@C Note that P is fixed in this
or area), the length of its convex hull (related to their shape), addfinition. It is easy to see thaRe. is indeed an equiv-
so on [1]. The second component consists of a set of featuedsnce relation (reflexive, symmetric, and transitive). Let

A. Segmentation Models in a Lattice-Theoretic Formulation

that model the gray-level/color value of each region being thé|o. . = {f; € Fun(-) | f; =qe . fi} denote the-th equiva-
mean or median region value two typical representations [8nce Class. For each of them j@g be the element such that
This paper will analyze the case of single partition attributder every f; in the classf;, , = @G(fj, P). By definition,

and gray-level images; the case of multiple attributes (color infz,, . is an invariant or f|xp0|nt obg (fZe = @G(fi@G,P))

ages, multiple shape/size features) represents a problem of r{ﬂﬁ] Fig. 4(b) illustrates this situation.

tivalued morphology [27], [10] and will be analyzed elsewhere. The previous mappings are the pieces needed to properly de-

The region model of a segmentation can therefore be formafige a segmentation model for a partition.

described as composed of the following two operators. Definition 8: Let 7 = II x Fun(Z?)?2, and lett; denote
Definition 6: Let f € Fun(Z?) andP € II be a gray-level an arbitrary element df, with components indexed by, i.e.,

image and a partition of the image support, respectively. Theh), = {¢:;x}, £ € {0,1,2}. Given an imagef, a segmentation
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{a) (b) el Fig. 5. Schematic representation of the relations between the lattice of

partitionslI and the lattice/” that contains all segmentation models as a proper
ubsetz> denotes an arbitrary partition operator, represents a segmentation
odel generator, angl corresponds to an operator @n If ¢ is extensive, and
(7) is satisfied ¥ is a generic region merging operator and is denoted gy

Fig. 3. When region size (cardinality) is used as the partition attribu
(© A(P)(x) = card(P(x))) two partitions (a)P; and (b)P. can be mapped
to the same partition attribute image @) (P1).

where the subscript in the ordering relation indicates that the
priority belongs to the first component of the three-tugles.
Equation (4) corresponds to a lexicographic order in a vector
ol ol 4| a4 Il 4] 2 ’7 space. It is simple to show that this is indeed a partial order re-
lation and that, by defining the infimum and supremum compo-
nent-wise,7 constitutes a complete lattice [27].
Given thatll and 7 are both complete lattices, the set of
a) ib) © all possible mappings' = {v : II — 7} also constitutes a
complete lattice, with partial ordering defined hy < ~; «
Fig. 4. When the truncated mean is used as the gray-level region model, wd ) < ;(F), VP € Il. However, the collection of all seg-
images (a)f1, ang! (b) f2, given P in (c), can be mapped to the same thementation model generators = {O’f -1 — T}, constitutes
gray-level model image (f1, P) = Oc(f2, P) = fz. only a proper subset df, and is not a complete lattice [15].
Note that the mappings’ are clearly order-preserving under
model generatorof a partition P’ is a mappings/ : Il — 7 <,,. Furthermore, as every' is an injection, it has leftinverses
defined by (o), which correspond to a projectionhfe 7 onto its first

A component, and therefore are surjective. In fact, the left inverses
of(P) = (P,04(P),0c(f,P)), VPell (2) are increasing; if

The three-tuple(P,© 4(P),O0c(f, P)), composed of the ti<t;— P =(c))"(@t) < ()" (t;)=P;. (5
partition, its partition attribute image, and its gray-level model
image, is calledegmentation model This property can be summarized as follows.

It is clear that each mapping’ = (idy,©.4,©¢) is an in- Property 1: The set of segmentation model generators
jection. However, it is not a surjection; its ranfan(c/) is ¥ = {0/}, and the associated left inverses, given the condi-
given only by a set of three-tuples of the forfs; : #; = tional partial ordering< >, areorder-preserving

(FP;,,04(F,),0c(f, P;))} which is only a proper subset &f.
In order to define the product sgt as a lattice, we need toB. Generic Region Merging Operators

impose a partial order on it. Additionally, we would like that Using the conditional partial ordering f@—that now shares

such partial order could (_Jlefine the segmentat_ion model genSFfjering properties withi—we can define segmentation algo-
atorso/ as.order—pre_stervmg, so_that fche ordering prppernes fthms as a class of operators on this lattice. dedenote the
II—the lattice of partitions—are inherited @r—the lattice that _complete lattice of all operators froffi into itself, and let) be

include all possible segmentation models. We discuss two '%y partition operator. As illustrated in Fig. 5, it is possible to

portant cases. define a corresponding operatére U/ b
1) A marginalordering in a product lattice [28] ! ponding op € y

— Fof Y
t<tieta<tp Vit €T, ke{0,1,2} (3 ¥ =olylol)” ©6)

sy asacomplt s, h i spremu, 197 U S5 o pertots) s el segmer |
obtained component-wiséat; ), = Ati; (VE )k = Viik. 9 ' P

However, it can be shown that the ordering propertiegIin region merging/classification. This concept can be defined as

are lost when expanding the spaceZiounder this marginal fOI|OW$'_ : ) _ _ _ _
ordering Definition 9: Given an imagef, ageneric region merging
2) A conditionalordering imposes the highest priority on thPErator is an extensive mappingr : 7 — 7 defined by

e _ . .
first component of any two elements ¢; € 7, and the lowest inRa Iagicij(c; )ar:[i;/i\/:r?srefs/}u'chn th_;ltnfolf ;? tﬁ)étfaz\fu?&er:m
priority on their last component [28] P ' £

Ran(o7)
tin <ty
ti<ptj e Qg tii=tn, ti2<tp 4) Vr(E, ©a(5), Oc(f, 1))
tii =tj1, tio =tjo, tiz <ty = (Y(F;), 0400 (F)), Oc(f, 9 (Fi)))- (7)
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Fig. 6. Aregion merging operatdr z, that fuses the smallest region in the partition with the smallest neighboring region, is applied on th¢ {@adde input
(t1) and outpuft; = ¥ g(t:)) segmentation models, are shown in (b)—(d) and (e)—(g), respectively. The partition attribute ®ngdas (c) and® . (Pz) (),
represent the size of each region in the corresponding partition. The gray-level model {nages: ) (d) and© (£, P-) (g), represent the truncated region
mean. In (h)—(j), we show an “invalid” output three-tuplelif: ( ) is a generic region merging operator: given the funcian (a), the gray-level model image in
(j) cannot be obtained from the partitidn in (h).

The class of generic region merging operat8rs= {Vr} C Definition 12: A flat-zone partition is a mappingPrz :
U consists of all the operators froffi to 7 associated to ex- Fun(-) — II, such that
tensive operators ifl, and that map three-tuplésc Ran(o/) o
into other “valid” three-tuples; € Ran(s/). Note that the pre- Pry(f)(z) = Cff . (8)
vious definition does not specify the action of the operators on
thoset; ¢ Ran(o/), other thant; < Wx(t;). Fig. 6 illustrates ~ Definition 13: An operatorg : Fun(-) — Fun(-) is called

these facts. connectedif
The analysis of some properties of a general region merging
operator under this formulation is delayed until Section VI. In Prz(f) < Prz($(f)), ¥ € Fun(). 9)

the next section, we first review the notion of connected oper-|n words, the partition of flat zones dfis said to bdiner than
ators, and based on their similarities with region merging se@re partition of flat zones af(f). ¢(f) is also called a planing
mentation algorithms [5], [8], we propose an extended represeji-f [18].
tation for gray-level functions. A simple example that illustrates the previous concepts is
shown in Fig. 7 for a four-tone image. Figure 7(b) shows the
corresponding flat-zone partitiofry( f).
As connected operators operate at the flat zone level, they
IV. CONNECTEDOPERATORS ANDEXTENDED REPRESENTATION preserve contours in an image: no new discontinuties can be

FOR GRAY-LEVEL FUNCTIONS introduced, but only changes of regional (flat-zone) grey-level
intensity. In a few words, the effect of a connected operatorin an
A. Connected Operators image consists on Ihergingand 2)recoloringof its flat zones

[16]. This is illustrated in Fig. 7(c)—(d), that present the result
Connected operators are based on the notion of connectividfapplying a hypothetical connected operatoon f, and its
The following definitions introduce the main concepts, and arresponding flat-zone partitiorz(4( f)).
borrowed from [28] and [16]. General as it is, the definition of a connected operator does
Definition 10: Let £ C Z* equipped with the usual 8-con-not specify the mechanisms by which the colors of an image
nectivity. A connected componenbr grain of a setY” C 22  should be transformed. Different specifications have generated
is a setC* C Y in which for each pair of pixels there exists aa variety of classes of binary and gray-level connected opera-
path (a set of points, all included in the set) that joins them. tors, obtained either by imposing some theoretical properties
Definition 11: Let C)" denote the grain of” C Z? that (extensiveness, idempotence, increasingness), or by designing
contains the point, and letf € Fun(-). Aflatzoneof f atlevel them to perform a particular function (e.g., elimination of small,
tis agrainCYf of the level set’} = {y € Z2| f(y) =t},i.e., dark/bright or low-contrast areas). Furthermore, some classes
it is a maximal connected component®f where the imagg  of gray-level operators are important extensions of their binary
is constant. counterparts (flat connected operators). The reader may refer to
It is easy to see that the flat zonesjfoinduce a partition of [28], [4], [21], [16], [18], [17] for a detailed exposition on the
the image support. subject. In particular, anti-extensive filters have been commonly
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iR, i

Fig. 7. Gray-level connected operator. (a) Original im#géb) flat-zone partitionPr ( f); (c) ¢(f), where¢ is a connected operator in which the grains with
area smaller than a certain threshold have their gray-level value substituted by the value of the neighboring grain with the largest area:zork (paftdaion

Prz(6(f))-

] |
{c)

Fig. 8. Examples of binary connected operators to explain the extended gray-level representation. (a) Original binary image, (b) switchin(cppezato
switching operator, and (d) area opening.

) _ "

(@ (b} (A

used in binary morphology (opening/closing by reconstruction, As we mentioned before, any connected operator can be
area opening) [31]. For gray-level imagery, their gray-level exhought of as accomplishing a double function: it bothrges
tensions [28], [31], [4], and some more recent approaches [8]e flat zones of an image (that is essentially an operation at
[18], [17] are frequently applied for image preprocessing due the partition level) andecolorsthem (that is a procedure that
their simplification capabilities, and for marker extraction wheacts on the gray-level values of the image, according to a given
used in combination with the watershed algorithm in segmensle). The specific procedures might be very different, but the
tation. Further extensions to image sequences and video makderlying idea is the same: a connected operator is based on
them useful in several color still and video processing and anaperations that depend both of properties of the function itself,
ysis applications [7], [22], [23]. and of properties of its induced flat-zone partition.

The definition of a connected operator relates both a gray-To point out the links between connected operators and seg-
level function and its associated partition. Obviously, the efrentation algorithms, it is convenient to think of extended
fect of any of these operations (flat zone merging and recokpresentation of a gray-level function, as a three-tuple
oring) affect both components. With the objective of formally
analyzing similarities between connected operators and region (f, Prz(f), ©a(Prz(f))), VYf € Fun(.),
merging/classification algorithms, it appears natural to extend
the representation of a gray-level function to explicitly moden Which each component is generated from the original image
the flat-zone partition properties. We propose such a represén©.4(Prz(f)) denotes, as in Section Ill, a partition attribute

tation in the next subsection. image (in this case of the flat-zone partition).
The convenience of explicitly specifying the second and
B. Extended Representation of Gray-Level Functions third components of the three-tuple will be illustrated with

We start by establishing a fundamental property of the tifgree simple examples of grain binary connected operators
flat-zone mapping’r7, the key concept in defining a connected16]: a trivial one, an idempotent area operator, and the binary

operator. area opening. These examples are illustrated in Fig. 8.
Property 2: Py is neither an injection nor preserves infima Example 1: Let ¢ : Fun(2?,{0,1}) — Fun(2?,{0, 1}) be
and suprema. the nonlinear binary operatodefined bys(f) = 1 — f, where

This property establishes that a whole collection of gray-levé(#) = 0 if z is in the background, and 1 otherwise (in Fig. 8,
functions correspond to the same flat-zone partition, and that/#ite corresponds tg(x) = 0, black tof(z) = 1). Itis evident
this mapping the ordering relation Fun(-) is lost. Note that that Prz(f) = Prz(¢(f)) and therefore) is connected. This
Pry is surjective, and therefore it has right inverse mapping&an operator that depends solely on the function values, in the

5 ) . X
Py, - H — Fun(.) SU.Ch that, as defined in Section Il, the 1y express these examples of binary connected operators as special cases of
CompOSItIOI’lPFZPF_Z) = idp. gray-level operators to maintain a consistent notation in the paper.
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sense that it does not require of any attributes of the original Fun() BN Fun(')
flat-zone partition, for its operation.

Example 2: Consider another case to illustrate the opposite vl e
extreme. Such an operator switches the color of all those grains o
that have an area lower than a certain numbén other words, S — S

for any f € Fun(22,{0,1}) _ _ . . .
) : Fig. 9. Schematic representation of the relations between the lattice of

_ : gray-level functionsFun(-) and the latticeS that contains the set of all
() (x) = 1= fa), if @4(sz(f))(a:) <A extended representations of gray-level functiopsrepresents an arbitrary
f(@), otherwise, operator onFun(-), v denotes an extended representation generator®and

corresponds to an operator 8nlf ¢ is connected® is a extended connected
where® (-) is the operator that extracts the cardinality (sizegperator and is denoted ldyc.

of each region ofPrz( f). Itis trivial to see thatp is connected
[16]. In this case, the action of the operator only relies on thepresent a proper subset of the complete lattice of all operators
properties of the flat-zone partition, and merges background gads, denoted byA = {§ : Fun(-) — S}), and their left
foreground based only on the area attribute, in the sense thatiﬂw@rses{vh} preserve the ordering propérties Bin(-) on
decision of changing or not the gray-level of each flat zone g \We summarize this result as follows.
independent of the gray-level itself. _ Property 3: Theset of extended representation generators
Example 3: A final example is the binary area opening, thatr = {+ : Fun(-) — S}, and the associated left inverses, given
preserves all the connected components of the foreground #pat conditional ordering ;, areorder-preserving
have an area greater or equal thashown in the equation at the
bottom of the page. C. Extended Connected Operators
For this example, it is clear that the operator uses both at-

tribut f th it . £ th X d attribut With a similar approach to the one used in Section Ill, we can
ributes of the partition (size of the region) and attributes %fefine extended connected operators as a class of operators on
the gray-level function (gray-level value of the flat-zone). |

€)- % | et W denote the complete lattice of all operators frém
fact, every connected operator that has been proposed with SOMS itself. For any arbitrary gray-level operaor: Fun(-) —
utility has this general characteristic, and that is why that the

(- define® b
tended representation can be useful to visualize the concept 3?( ), we defined € JV by

connected operator, and also to understand the links with region ® = vpv™ (11)
merging segmentation algorithms.
The extended representation for gray-level images will be dgs shown in the diagram in Fig. 9.
fined as follows. The class of operator’s = {®~} C W that correspond to
Definition 14: Let & = Fun(-) x II x Fun(-), and lets; connected operators is defined as follows.
denote an arbitrary element &f with components indexed by  Definition 15: An extended connected operatea mapping
k,si = {su},k € {0,1,2}. An extended representation gen- & : S — S defined by®- = v¢pv—, wheree : Fun(-) —
erator of afunctionf € Fun(Z2?)isamapping : Fun(2?) — Fun(-) is a connected operator in the lattice of gray-level func-

S defined by tions, such that for all the three-tuplese Ran(v),
v(f) = (f. Prz(f), ©a(Prz(f))), Vf€Fun(:). (10) c(f, Prz(f), ©a(Prz(f)))
From this representation, several analogies with the segmen- = (@), Prz(¢(f)), ©alPrz(#(1))))- (12)

tation model presented in the previous section are evident. Th
mappingsv are injective with left inverses~ (projections of
S onto the first componentiun(-)), but not surjective, with

their rangeRan(v) given only by all the three-tuples of the form

specified (10), which is a proper subsetsf mgz:je QSLEh(r)ei::t?éiscj;hbifzfgigiz(f ), ©allra(f))-
The decision about what order relation to impose on the ’ P Y-
duct latticeS is virtually identical to th di di

Prociuct ‘attces 1 VIFua'y identicat o e one discussed in V. LINKS BETWEEN CONNECTED OPERATORS EXTENSIVE

Section Ill. A marginal order causes that the ordering propertiesP o G R M
in Fun(-) are lost when expanding the gray-level representation ARTITION PERATOR%?SF?ATE';ESR'C EGION MERGING

to S. In contrast, a conditional ordering; (identical to (4),
where now the ordering takes priority of), definesS as a  We now proceed to develop the main result in this paper re-
complete lattice. Additionally, the collection of all extendedarding the links between connected operators, extensive par-
representation generatols = {v : Fun(-) — S} (which tition operators and region merging/classification segmentation

She classc is composed of all the operatorsdhassociated
to connected operatorsHun(-). Note again that this definition
does not specify the operation of afty: € X on thoses; € S

d)(f)(w):{l_f(x)’ it f(r) =0, and ©4(Fer(f))(x) < A

f(z), otherwise.
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algorithms. We start by summarizing some fundamental points Fun(-) i> Fun()
from the previous development (also see Figs. 5 and 9).
1) There does not exist a one-to-one relation between gray- vl T“‘_
level functions and partitions. This holds both for segmen- ®
tation models [Equation (1)], and for extended representa- S — §
tions of gray-level functions from the connected-operator o o1
perspective (Property 2). 1 T
2) Exceptfor a permutation, segmentation models (elements ¥
of 7)) and extended representation of gray-level functions T = T
(elements ofS) are members of the same product set. (af)+ ! T(,f
However,7 andsS are distinct complete product lattices,
not only because of the permutation, but because the or- I i> I

dering relation in each of them is different.
3) The order properties ifil are preserved i under the Fig. 10. Final schematic representation of the operations between lattices

priority ordering<p. Similarly, the order properties in f partitions and gray-level functions. i, is a generic region merging
operator, the corresponding = v~ a~'W¥ v is connected. However. if

Fun() are preserved i under a different priority O~ 4 is connected, the@ = avév—a~1 is extensive but not always a region
dering< ;. However, regardless of the selected partial omerging operator.

dering, an operator in the product lattice ¢r 7') cannot
inherit the ordering properties of both a partition operat@onstant to the pixel values, leaving the same flat-zone

and a function operator. partitions for input and output images. In particular,
We now formally establish the links between the differerthe application of ¢ on any gray-level model image
domains. generated by an imagg and a partition P, produces

Definition 16: Let 7 andsS the complete lattices defined asp(Oc(f, ;) = ©Oc(f, ;) + 1. Furthermore, the flat-zone
in Def. 8 and Def. 14, respectively. Aircular permutation  partitions of input and output are the same when applging.,

mapping « : S — 7 is defined by Prz(Oc(f, F;)) = Prz(¢(©c(f, P;))). But at the same time,
Pry(©g(f, P,)) = P;, and the same holds for the output parti-
a(si1, Si2, $iz) = (Si2, 843, 8i1), Vs € S. tion P; = Prz(¢(Oc(f, %)) = Prz(Oc(f, P) +1) = P,

which implies thatog(f, P;) = Og(f, F;). This represents

Note that the components of the three-tupleSiare shifted a contradiction a$(Oq(f, F;)) # Og(f, F;), therefore the
one position to the left. Evidently is a bijection, with inverse corresponding operato¥ € 7 cannot represent a generic
oL, This definition is the last piece we need to prove the conegion merging operator.
nections between segmentation algorithms and connected opeFurthermore, as every extensive operatdidioorresponds to
ators. an operator ir/, we can proceed in a similar way to conclude

Property 4: Every generic region merging operator correthe following.
sponds to a connected operator. However, the converse is nd®roperty 5: Every connected operator corresponds to an ex-
true in general. tensive operator in the lattice of partitions.

The first part of this property states that for every generic re- Finally, with the above analysis we can also express the
gion merging operato¥ i : 7 — 7, we can build an operator flat-zone partition operataPrz and their right inverses by

in the lattice of gray-level functions : Fun(-) — Fun(-) by _ . o
composing Pry = (0N "av, Po,=v"a "t/ (15)

Recapitulating, we have shown that the lattice-theoretic ap-
proach proposed in this paper allows for an algebraic formu-

that is connected (see diagram in Fig. 10). Equivalently, trI1at|0n of the connection between region merging/classification

second part establishes that, for every connected oper a?ggrlthms apd connected operators, namely, that every generic
) . region merging operator corresponds to a connected operator,
can define an extensive operatordnby

and that the converse situation is not true in general. This result
provides a basis to formally explain results previously proposed,
and for the specification of new algorithms. We revisit in the

However, not always willl represent a region merging Seg_next section some of the properties of a general region merging

mentation operation of an imageas we have defined it, as Wealgorithm, under the complete lattice perspective. The analysis
show in the following examples ' of some region classification operators and their morphological

Example 4: The identity operator in the lattice of func:tionspmpertIeS are reported in [3].
¢ = idpun(.) is Obviously connected, and corresponds to a valid
generic region merging operatdiz = (id, idpun(.)» idrun) ),
for any imagef. In this section, we analyze the general model for region

Example 5:In contrast, the connected operator demerging proposed in[8]. LeFr,, € R denote a generic region
fined by ¢(¢9) = ¢ + 1,9 € Fun(-), only adds a merging operator that merges only one region of a partiffon

¢ =v"a 1 Ugav (13)

U = aupv~a 1. (14)

VI. ANALYSIS OF GENERIC REGION MERGING OPERATORS
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(e) ) (9 (h)

Fig. 11. Counterexample to show that basic region merging operators are usually neither increasing nor idempotent (a), (e) Gray-lefiehimiggesb),
() Associated partitions in the segmentation mod&lz(f1), Prz(f2). (), (9) Associated partitions,,, (Prz(f1)), ¥m(Prz(f2)). These partitions are not
comparable, so both,.., and¥ r,, are not increasing. (d), (h) By reapplying the operators, idempotence fails to hold by comparing (c) and (d).

with one of its neighboring regions, and,, denote the corre- eratorW¥gy; that consists on the iterative compositionlog,,,
sponding operator ifl, given by, = of/Wg,(cf)~. Let until convergence
{Ur.m} denote the set of all such operators. As we established A
in Section Ill, a general region merging method needs three Wrm(to) = lim VE,.(%0) = YR (%) (18)
elements for its specification [8]: the region model, that has e
been already explicitly decoupled and included in the latfice n
by ©.4 and©¢, a merging order, and a merging criterion. Thevhere ¥~ = '\IJRm\I/Rm . \I/Rm‘, and ¢g, is the limit of
latter includes the definition of a termination criteria TC for thene sequencé@r,,, ¥ , V3, ... ... Infact, convergence of this
merging process, typically represented by either the numberseigquence is always assured in a finite number of sk&pso
zones in the partition or a measure of error between the original ’
image and a reconstructed image based on the partition and its Urm(to) = Yinm(to) (19)
zone models. i o

Let P(z.;) andP(x.2) denote the two zones specified as carfecausely, = VR The criteria for convergence corre-
didates by the merging order. In addition,[[lEC] represents the SPONS to the termination criterion TC k..
Boolean value of the statement TC (1 if it is true, O otherwise). Let{¥rn } denote the class of region merging operators. The
With this notation, a general formulation for the partition opef@ct that anyl'rys is extensive is obvious. One more result can

ator,,, can be specified as follows: be specified.
Property 7: EveryWgy, is idempotent, and its invariance do-
P(-Tcl) U P($c2)7 [TC] =0 and mainInv(\I/RM) = Inv(\Ime).
P (P) () = T € P(ra)U Pze) However, the operatodSlry } are not increasing in general.
P(z), otherwise This can be seen using the previous example, in which Fig. 11(d)

(16) and (h) coincide with the application &, until convergence,
) _ _ . and in which the associated partitions are not comparable by
and the corresponding expression for the generic region mergjpg partial order relation. The fact that the operafdrs, } are

operator Is generally not order-preserving has important consequences, as

_ the general theory of mathematical morphology mainly deals
\Ij m P - m P 7@ m P 7@ b) m P 17 . . . e .
Rin(P) = (Y (), Oa(¥m(P)), Oc(f, ¥m(F)) - (17) with order-preserving mappings. Additionally, the elements in

or in a pseudocode-like description {Urnm} are generally not injective. If the two last conditions
hold, the next result is obvious.
if ([TC]=0) Property 8: If a generic region merging operatit; is nei-
{merge P(x.)and P(x.),and ther order-preserving nor injective, then it is neither of the fol-
update the model of P(z.1)U P(z.2)}. !owli?_lgz: 1) invertible, 2) lattice isomorphism, and 3) morpholog-
ical filter.
A first result can be established. It is important to point out that the theoretical description
Property 6: Every Wy, is extensive. However, in generalof segmentation models and extended function representations
they are neither increasing nor idempotent. presented in this paper do not constitute the most efficient data
Fig. 11 illustrates this statement. structure for actual algorithm implementation. In practice, a seg-
We can now define a complete segmentation algorithm basedntation model (partitions and region models) can be effi-
on region merging. ciently represented by a region adjacency graph. Additionally,

Definition 17: Let f and F; be an image and an initial par-an efficient structure for storing the sequence of steps in aregion
tition (usually equal to the finest partition), respectively, and leherging operator is hinary partition tree[24]. Indeed, when
to denote the segmentation model generated tand F,. A region merging is performed, beginning from the flat-zone parti-
complete region merging segmentation algorithms an op- tion of the original image and until convergence, the binary par-
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Fig. 12. Complete region merging segmentation algorithmn:. (a) Original imagef. Two different steps in the merging sequendd;,, (¢;) (b), and
Wl (to), k < I(c), for which the partitions have been superimposed to the gray-level model image. A binary partition tree (not shown) is used to keep track
of the merging sequence.

tition tree represents a way of storing each of the outcomes®f; < II. The second part means thB:z(f1 A f2) =

the sequence of operatots, (to), V&, (to), - - -, also called Prz(f1) A Prz(f2),Yf1, f» € Fun(2?), and dually forv.
merging sequenc®ue to the algorithmic equivalence with conHowever, this is not the case, as it can be shown with another
nected operators, tree representations have also demonstratesiiaterexample. LeZ = {0,112, and f; and f» be the
usefulness for connected operators [1], [16], [17], [24]. An eXellowing 2 x 2 gray-level functions,

ample of such a sequence is shown in Fig. 12. The reader may

refer to those references for implementation details. fi= G 8) , 2= <8 1) , fiNfa= <8 8) .
VII. CONCLUDING REMARKS Clearly Prz(f1) = Prz(f2) = Prz(f1) A Prz(f2) but this

This paper addressed a question pointed out several tiniedifferent fromPez(f1 A f2) = VLI, thereforePy does not
in recent mathematical morphology literature: the connectigfieServe infima. A similar example can be used to show that
between region merging/classification segmentation algorithrhgz d0€s not preserve suprema. _ -
and gray-level connected operators. We have proposed that sudproperty 4: Every generic region merging operator corre-

a connection can be formally obtained by defining a complef@0nds 0 a c:)nnected operator. However, the converse is not
e in general.

product lattice representation for both gray-level images aHy _ ) )

segmentation models, that allows for the explicit modeling . Proof: For the first part, leWy : 7 — 7 be a generic

of partition and intensity attributes. We have shown thd9ion merging operator, so that for afiy € 7" of the form
5, ©4(F),0¢(f, F)), there exists &; € 7 of the form

every region merging/classification segmentation algorith
corresponds to a connected operator. This result explains the ©4(£5): ©c(f, F;)) (for somef) such that; = Wr(t:).

algorithmic equivalence in terms of implementation, that ha¥€ construct an operatgr: Fun(-) — Fun() by composing
been recently exploited by several authors. Additionally, we
have also provided an analysis of some important theoretical
properties of a general region merging algorithms, from the The diagram in Fig. 10 illustrates such definition. Now, let
proposed lattice-theoretic framework. fi € Fun(), andP; = Prz(f;). Then

It is important to note that, although both region merging and S
region classification algorithms are linked to connected opera¢(fi) =v"a Urav(fi)

¢ =v"a Y Ugav.

tors, the latter class does not make explicit use of the usual 4- = v~ a " Wr(Prz(f;), ©.4(Prz(fi), fi)
or 8-connectivity. There has been an increasing study of other =0T Y UR(P;, ©4(F),0q(f,F)), forsomef
connectivities [29]. We are interested in studying the connec- _ = —1l/p ' '
tivity properties of region classification algorithms. Addition- N v aT (P, 04(F)), 0c(f, F;))
ally, given the connections analyzed in this paper, we are also  =v" a (P;,0.4(F;), f;)
interested in the development of novel strategies forimage seg- = v ~a ™ (Prz(f;), ©.4(Prz(f))), f;)
mentation and filtering. A
=/
APPENDIX But by hypothesis¥ x is a generic region merging operator,
i.e., P; < P;, which means thabrz(f;) < Prz(¢(f;)). There-

A. Glossary of Symbols fore, the operatap is connected.This proves the first part of the

See the glossary of symbols at the bottom of the next paggroposition.
For the second part, assume thds connected. We can ob-
B. Proofs of the Properties tain an expression for an operatorinas

Property 2: Pr7 is neither an injection nor preserves infima U = audv—a~ L.
and suprema.
Proof: The first part is obvious. The gray-level func- Note that we cannot not write the subscriitin ¥ yet,
tions f1 and fo = f1 + 1 induce the same partition because we do not know at this point if it represents a generic
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region merging operator. Now, léf € 7 be of the form
(P;,04(F;),0q(f, F;)) for somef. Therefore,

V(t;) = U(P;,04(F),0a(f, i)
= avgpvTa (P, 04(F),06(f, )

1>l

t;.

= avp(Og(f, P;))
£ av(f))
(Prz(f;), ©a(Prz(f;)), [5)
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Symbol

Meaning

complete lattice

identity operator orC

arbitrary nonempty set

element ofE/

gray-level image

complete lattice of gray-level images
powerset oft/

partition

zone or region that contains

complete lattice of partitions

partition lattice operator

attribute region model operator
partition attribute image

gray-level region model operator
gray-level model image

gray-level model equivalence relation
i-th fixpoint of O

segmentation model generator
segmentation model

complete lattice that includes all segmentation models
element of7 (three-tuple)

complete lattice of mappings betweBrand7Z
set of segmentation model generators
complete lattice of mappings @h
operator or/”

generic region merging operator

set of generic region merging operators
grain ofY’ C 2? that containg: € Z?
level set

flat-zone partition off

flat zone

connected operator

extended representation generator
gray-level extended representationfof

Reference
Def. 1
Def. 2
Def. 3
Def. 3
Def. 3
Def. 3
Def. 4
Def. 4
Def. 4
Def. 4
Def. 5
Def. 6
Def. 6
Def. 6
Def. 6
Def. 7
Def. 7
Def. 8
Def. 8
Def. 8
Def. 8
Section llI-A
Prop. 1
Section I11-B
Eq. (6)
Def. 9
Def. 9
Def. 11
Def. 11
Def. 12
Def. 12
Def. 13
Def. 14
Def. 14

complete lattice that includes all gray-level extended representations Def. 14

element ofS (three-tuple)

complete lattice of mappings betweEBuan(-) andS
set of extended representation generators
complete lattice of mappings ¢h

operator onS

extended connected operator

set of extended connected operators

circular permutation mapping

region merging operator that merge two regions
partition operator that merge two regions
candidate regions for merging

complete region merging segmentation algorithm

Def. 14
Section IV-B
Prop. 3
Section IV-C
Eq. (11)
Def. 15
Def. 15
Def. 16
Section VI
Section VI
Section VI
Def. 17
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But by hypothesisg is connected, i.e Prz(Og(f, F;)) <
Prz(4(Oc(f, F;))). Furthermore, afrz(0c(f, F;)) = F;
and Prz(¢(Oc(f, P;))) = F;, it follows that ¥ is extensive.
However, only whenf;, = ¢(©q(f,P,)) is equal to the
(unique) valid®¢(f, F;) (see Fig. 6(h)—(j)), willr correspond
to a generic region merging operator. Otherwise, Eq. (20) is still 9
valid, but¥ does not represent a region merging segmentation
operation of an imag¢ as we define it. O

Property 6: Every Uy, is extensive. However, in general [10]
they are neither increasing nor idempotent.

Proof: The first property follows by definition. The [11]
second one can be proved with a typical counterexample.
Assume the median gray-level of the zone as region mode 12]
[TC] = [number of regions> 2], P(xz.1) as the zone of
smallest cardinality inP, and P(x.2) as the neighboring [13]
region of P(z.;) that has the most similar region model.
Now assumefi, f2, the two 3 x 4 images as shown in
Fig. 11(a) and (e), and define their segmentation models in [14]
as (Prz(fi), ©a(Prz(fi)), ©alfi, Prz(fi)))- It is clear, as
shown in Fig. 11(b) and (f), thad®z(f1) < Prz(f2). However,
Ym(Prz(f1)) and ¢.,,(Prz(f1)), shown in Fig. 11(c) and
(9), can not be compared id, and neither cal/y,,(¢;) and
Vrm(t;) in 7. Therefore,,, and Vg, are not increasing.
It is also evident that),,(Prz(f1)) < ¥m(¢¥m(Prz(f1)))
(Fig. 11(d)); thereforey,,, andWg,,, are not idempotent. [

Property 7: EveryWgy, isidempotent, and its invariance do- [18]
mainInv(\I/Rl\q) = Inv(\Ime).

Proof: To prove this, we just need to show that [19]

Bm — YR, and¥gr, W = WE , and apply a known [20]
result ([15], pp. 452). The first condition is true by hypothesis.
For the second one, we know théii,,, only takes an action
when the termination criterion is false. Bitry is precisely
defined by the iterative merging until the termination criterion
is true (afterk steps), sQlrm¥E, = O

(71

(8]

[15]
[16]

(17]

(21]

(22]

=)
Rm*

(23]
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