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Gaussian mixture regression (GMR)

Nadaraya-Watson
kernel regression

Least squares
linear regression
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Nonlinear 
regression I



Gaussian process (GP)
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Gaussian process - Informal interpretation
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• A joint distribution represented by a bivariate Gaussian forms 
marginal distributions P(y1) and P(y2) that are unidimensional.

• Observing y1 changes our belief about y2, giving rise to a 
conditional distribution. 

• Knowledge of the covariance lets us shrink uncertainty in one 
variable based on the observation of the other.
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• This bivariate example can be extended to an arbitrarily large 
number of variables.

• Indeed, observations in an arbitrary dataset can always be 
imagined as a single point sampled from a multivariate 
Gaussian distribution.

Gaussian process - Informal interpretation



How to construct this joint distribution in GP?
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By looking at the similarities in the continuous x space, 
representing the locations at which we evaluate y = f(x) 



Graphical model of a Gaussian process
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…

Note that with GPs, we do not build
a distribution on {x1,x2,…xN}!

x can be multivariate 



Gaussian process (GP)
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• Gaussian processes (GPs) can be seen as an infinite-dimensional 
generalization of multivariate normal distributions.

• The infinite joint distribution over all possible variables is 
equivalent to a distribution over a function space y = f(x).

• x can for be a vector or any object, but y is a scalar output. 

• To understand GPs, N observations of an arbitrary data set 
y = {y1,..., yN} should be imagined as a single point sampled 
from an N-variate Gaussian.



Gaussian process (GP)
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• A covariance over an arbitrarily large set of variables can be 
defined through the covariance kernel function k(xi, xj), 
providing the covariance elements between any two sample 
locations xi and xj.

If xN is similar to x3, 
we also expect yN

to be similar to y3.



Distribution over functions in GPs
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Stochastic sampling with Gaussians
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Distribution over functions in GPs - Sampling
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• We may know that our observations are samples from a process that is 
smooth, that is continuous, that has typical amplitude, or that the variations 
in the function take place within a typical dynamic range.

• These models require hyperparameters to be inferred, but these 
hyperparameters define characteristics that are more generic (such as the 
scale of a distribution) rather than acting explicitly on the structure or 
functional form of the signals.

• The notion of similarity will depend on the application: some of the basic 
aspects that can be defined through the covariance function k(xi,xj) are the 
process stationarity, isotropy, smoothness or periodicity.

• With continuous time series, past observations will be informative about 
current data as a function of how long ago they were observed.

• This corresponds to a stationary covariance, dependent on the Euclidean 
distance |xi - xj|.

• This process is also considered as isotropic if it does not depend on directions 
between xi and xj.

• A process that is both stationary and isotropic is homogeneous.

How to choose k(xi,xj)? 
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k(xi,xj) as squared exponential covariance 
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k(xi,xj) as squared exponential covariance 

Figure from:



Modeling noise in the observed yn
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Modeling noise in the observed yn
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Learning the kernel function parameters

Monte-CarloGrid-based 2nd order model

Several approaches exist to estimate the hyperparameters of the covariance 
function: Maximum Likelihood Estimation (MLE), cross-validation (CV), 
Bayesian approaches involving sampling algorithms such as MCMC, etc.

For example, given an expression for the log marginal likelihood 
and its derivative, we can estimate the kernel parameters using 
standard gradient-based optimizers. 

Since the objective is not convex, local minima can still be a 
problem.

Figure from:
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Stochastic sampling from covariance matrix
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Gaussian process regression (GPR)

a.k.a.

Kriging

Python notebook:
demo_GPR.ipynb

Matlab code: 
demo_GPR01.m
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Gaussian process regression (GPR) 



22

GPR in practice



Examples of
covariance functions
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k(xi,xj) as squared exponential covariance 
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k(xi,xj) as squared exponential covariance 
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k(xi,xj) as squared exponential covariance 
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k(xi,xj) as squared exponential covariance 
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k(xi,xj) as periodic covariance function
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k(xi,xj) as Matern covariance function
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k(xi,xj) as Matern covariance function
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k(xi,xj) as Matern covariance function
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k(xi,xj) as Brownian motion covariance function

The Wiener process is a simple continuous-time stochastic process often 
put in connection to the Brownian motion.
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k(xi,xj) as quadratic covariance function
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k(xi,xj) as polynomial covariance function
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k(xi,xj) as probabilistic model covariance

• Another powerful approach to the construction of kernels is to exploit 
probabilistic models.

• Given a generative model P(x), a valid kernel can be defined as 
k(xi, xj) = P(xi) P(xj), which can be interpreted as an inner product in 
the one-dimensional feature space defined by the mapping P(x).

• Namely, two inputs xi and xj will be similar if they both have high 
probabilities to belong to the model.

• This can bring additional properties to the underlying process such as 
the capability of handling missing data or partial sequences of various 
lengths (e.g., with HMM).
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k(xi,xj) as weighted sum of kernel functions

• A covariance function can be defined as a linear combination of 
other covariance functions, which can be exploited to incorporate 
different insights about the dataset.

• Such an approach can be exploited as an alternative to optimizing 
kernel parameters (also known as multiple kernel learning). 

• The idea is to define the kernel as a weighted sum of basis kernels, 
and then to optimize the weights instead of the kernel 
parameters.

Dictionary of basis 
kernel functions
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Some extensions of Gaussian processes

• Cokriging: 
Extending GPR to multiple target variables y.

• Sparse GP: 
A known bottleneck in Gaussian process prediction is that the 
computational complexity of prediction is O(N3) 
→ not feasible for large data sets!

Sparse Gaussian processes circumvent this issue by building a 
representative set for the given process y = f(x).

• Gaussian process latent variable models (GPLVM): 
GPLVM is a probabilistic dimensionality reduction method that uses 
GPs to find a lower dimensional non-linear embedding of high 
dimensional data. 



Gaussian Process Implicit Surface (GPIS)
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Labs

40

Noémie Jaquier

Python notebooks and labs exercises:
https://github.com/teguhSL/ee613-python


