achine

alinon
Interaction

ec. 19, 2019



] Nonlinear
Caussian m MR) i

regression I

OV

Least squares
linear regression

Nadaraya-Watson

< P(ETE .
kernel regression

—
=
W
—
=

Ly
<

= ‘ L
te & - S
D .

Y ,,” TN
3 s X (o
g NS

D
. L o0

) e & P(€%€)







Gaussian process - Inform

al interpretation

 Ajoint distribution represented by a bivariate Gaussian forms
marginal distributions P(y1) and P(y2) that are unidimensional.

* Observing y1 changes our belief about y2, giving rise to a

. - L. . A —1
conditional distribution. Yo = Mo + X212 (?Jl — Ml)

 Knowledge of the covariance lets us shrink uncertainty in one
variable based on the observation of the other.

- 1
2igg = 299 — 221247 212




Caussian process - Informal infterpretation

This bivariate example can be extended to an arbitrarily large
number of variables.

Indeed, observations in an arbitrary dataset can always be
imagined as a single point sampled from a multivariate

Gaussian distribution. y=

Py1,y2, - - ;yN>

P(y1,§y2, . >?JN—1)

[yla Yya, ... ayN—l]

Y1
Y2

YN




How to construct this joint distribution in GP?

By looking at the similarities in the continuous x space,
representing the locations at which we evaluate y = f(x)

e
Y2
y= yN ~ N(p, Z) { { { *?JN:7
d £y3:f<$3)
}?JQ:f@z)
{91:f(1’1)
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lel of a Gaussian process

NN(”WE)

Y1 Y- 5
YN
) 5 : : .. . \ >l

>

X can be multivariate

Note that with GPs, we do not build

a distribution on {x1,x2,...xn}!



CGCaussian process (GP

Gaussian processes (GPs) can be seen as an infinite-dimensional
generalization of multivariate normal distributions.

The infinite joint distribution over all possible variables is
equivalent to a distribution over a function space y = f(x).

X can for be a vector or any object, but y is a scalar output.

To understand GPs, N observations of an arbitrary data set
v ={ys,..., yn} should be imagined as a single point sampled
from an N-variate Gaussian.

Y1

Y
y=|" | ~ N =)

YN



CGCaussian process (GP)
* A covariance over an arbitrarily large set of variables can be
defined through the covariance kernel function k(xi, xj),

providing the covariance elements between any two sample
locations xi and x;.

{ { Tyn="
! { If xn is similar to xs,
4 {yng(l’s) we also expect yn
} F(ia) to be similar to ys.
Yo = J (22
}91:f<951>




ribution over functions in GP

For a set of spatial or temporal locations @ = {x1,xs,..., TN},
a positive semidefinite covariance matrix (also known as the Gram
matrix) is defined as

Kz x) L2, L1 L2, L2 L2, LN
k(xy, 1) k(TN x2) -+ k(TN TN)

The entire function evaluation y, = f(x,) associated with the set
of inputs x,, is a draw from a multivariate Gaussian distribution

y ~ N (n@), K(z,)).

specifying a distribution over functions.



Stochastic sampling with Gaussians

The eigendecomposition of 22 is expressed in a matrix form as

A D
N340} X =VDV =) Nujv]

j=1
I~ ol = 1 . :
AV} Al 02 0
0 A5 --- 0
with V = |:’U1,’UQ,...,’UD] and D = . :2 . 2
000 2,

By using this notation, datapoints can be stochastically generated

Wlth e %
" g <E

E~N(pX) <= €~ p+ VDN
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How to choose R(xi,xj)?

We may know that our observations are samples from a process that is
smooth, that is continuous, that has typical amplitude, or that the variations
in the function take place within a typical dynamic range.

These models require hyperparameters to be inferred, but these
hyperparameters define characteristics that are more generic (such as the
scale of a distribution) rather than acting explicitly on the structure or
functional form of the signals.

The notion of similarity will depend on the application: some of the basic
aspects that can be defined through the covariance function k(xi,x;j) are the
process stationarity, isotropy, smoothness or periodicity.

With continuous time series, past observations will be informative about
current data as a function of how long ago they were observed.

This corresponds to a stationary covariance, dependent on the Euclidean
distance |xi - xj|.

This process is also considered as isotropic if it does not depend on directions
between xi and x;.

A process that is both stationary and isotropic is homogeneous.
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k(xi,xj) as s d exponential covariance

A popular homogeneous covariance function is the squared
exponential kernel, also known as radial basis function

1 '
k(x;, :cj) = OF exp <—@Gp (x; — w]-) (x; — w])) ,
9

with two hyperparameters ©f" and ©5" corresponding respectively to
output and input scales of the problem.

The radial basis function is widely employed when it is expected that
nearby inputs &; and x; will have their corresponding outputs y; and

Yy, also nearby (assumption of continuity).

14



exponential covariance

1
klai, ) = OF oxp | —g (@ — 2] M=, - )
2

k(xi,xj) as sguare

output 'y
o
outputy
(=}

Figure from:

0

0
) -2 . -2
input x2 input x1 input x2 input x1

output y
o

Machine Learning

A Probabilistic Perspective

Kevin P. Murphy

0
input x2 input x1

(c)

Figure 15.4 Some 2d functions sampled from a GP with an SE kernel but different hyper-parameters. The
kernel has the form in Equation 15.20 where (a) M = I, (b) M = diag(1,3) "2, (¢c) M = (1, —1; —1,1) +

diag(6,6) 2. Based on Figure 5.1 of (Rasmussen and Williams 2006). Figure generated by gprDemoArd, 15

written by Carl Rasmussen.



g noise in the observed v

If we assume there is noise associated with the observed function
values y,, = f(x,)+mn, this noise term can also be modeled in the
covariance.

This noise is most often assumed to be uncorrelated from sample to
sample, meaning that the noise term is only added to the diagonal
elements of K, giving a modified covariance for noisy observations
of the form

I~

Kz, )= Klx,x)+ 651

where I is the identity matrix and ©5" is a Gaussian process
hyperparameter representing the noise variance.

16



g noise in the obhserved vy

In the example of a covariance defined as squared exponential
function, if noisy observations y are assumed, the kernel can be
directly defined as

1
k(x, @;) = O exp <—@—§P(€U¢ — ;) (zi — 931‘)) +03704,,
where 0; ; = [(¢ = j) is equal to one only when ¢ = 5 and is

zero otherwise, resulting in a covariance matrix K (x,a) with
noise related to observations only present in the diagonal (noise
uncorrelated from sample to sample).

17



g the kernel function param

Several approaches exist to estimate the hyperparameters of the covariance
function: Maximum Likelihood Estimation (MLE), cross-validation (CV),
Bayesian approaches involving sampling algorithms such as MCMC, etc.

Grid-based Monte-Carlo 2"d order model
-0.5 ' ~ -0.5 -0.5
© o -1 o -1
o o ©
3 = =
= = 15 = -1.56
& g S
3 E 2 I
5] 8 -25 8 25
-3 -3
2.8 3 3.2 3.4 2.8 3 3.2 3.4 2.8 3 3.2 3.4
log(length—scale) log(length-scale) log(length—scale)

For example, given an expression for the log marginal likelihood ~ Fi8ure from:
and its derivative, we can estimate the kernel parameters using
standard gradient-based optimizers.

Since the objective is not convex, local minima can still be a
problem.

Machine Learning
A Probabilistic Perspective
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Stochastic sampling from covariance matrix
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GCaussian process reg

We are interested in the posterior distribution of y* to be

*

computed at some location(s) x*.

The joint distribution of the already observed y (at location
x) augmented by y* (at location x*) is

k:(:cl,azl) k(wh@) /f(wl,aﬁw)
Kz, x) = k(xz, 1) k(x2, x2) k(xs, zN)
k(xy,x1) klxy,x2) -+ klxy,xN)

[y] NN([M@')] [K(w,w) K(w,fc*)D

y* plx*)|’ | Kl x) Ka* )

We can use the conditional probability property of Gaussians to
evaluate the posterior distribution of y*, yielding a Gaussian

y'ly ~ N (w27
with p* = p(z*) + Kz*, ) Kx,z)"' (y — p(x))
> = Klz*, z*) — Kz*, z) Kz, z) 'Kz, ")

21



° k(xy,x1) k(xy,x2) -+ k(x1,zN)
'y ?Z&@%Z@@ @y, @) k(g @s) - k(@s, @y)
K(a:, a:) - : : :
k(xy,x1) k(xy,xs) k(xy,xy)
It is also often assumed in practice that [ 5 <(33*>>] =0

In this case, Gaussian processes can be completely defined by
second-order statistics, where the Gram matrix K is a positive

semi-definite COV&H&HCG

Note that K(x, m)_l can be pre-computed so that the posterior
distribution can be computed faster

y'ly ~N(p", 27)
with p* = ple) + Ka*, x) Kz, z) (y — p(x))
¥ = K(z*, z*) — K%, 2) Kz, z) K,z

22




covariar
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k(xi,xj) as sgquared exponential covariance

=1, ©3°=0.1, ©5=0

Y~ N(p(), K(z*,z)  y'ly ~ N(p" 2 N(p, %7
Samples from prior Samples from posterior Trajectory distribution




k(xi,xj) as sgquared exponential covariance

=1, ©3°=0.01, O35 =0

Y~ N(p(), Kz, x)  y'ly ~N(p' X N(p*, %7
Samples from prior Samples from posterior Trajectory distribution




k(xi,xj) as sgquared exponential covariance

=1, O5=0.1, 05 =0.01

Y~ N(p(), Kz, x)  y'ly ~N(p' X N(p*, %7
Samples from prior Samples from posterior Trajectory distribution




k(xi,xj) as sguared exponential covariance

=1, ey=01 ey=001 p(x)=ax

Y~ N(u(x), K(z*z*)  y'ly ~N(p, X N(p*, X"
Samples from prior Samples from posterior Trajectory distribution
)
S&v—i SE-B'_‘ S~
T T T



k(xi,xj) as periodic covariance function

_ K(:l:*,ar;*
‘
=01, Oy=0.1, Oy=0, ;=10 k

Y~ N (@), Kz z)  y'ly ~ N(p' ) N(p*, 27)
Samples from prior Samples from posterior Trajectory distribution

U1

I1

1
k(x, ;) = O exp (—@ sin’ (O |2; — wﬂ)) +0370;
2

28



IViatern covariance function

Another popular covariance kernel function is the Matérn function

, 21 d\ d
) = (V3 (v

with d = sz — .’BJH
where I' is the gamma function, K, is the modified Bessel function
of the second kind, and p and v are non-negative parameters of the
covariance.

A Gaussian process with Matérn covariance has sample paths that
are |v — 1| times differentiable.

29



k(xi,xj) as I

< i |

latern covariance function
Simplification for v half integer

When v = p+1/2, p € NT, the Matérn covariance can be written
as a product of an exponential and a polynomial of order p:

oo ) £ )

0 ['2p+1) 0

1=

Forv=1/2(p=0): C1y(d) = 0% exp ( d)

Forv=3/2 (p=1): C’3/2(d):g (1+¢fd) exp( )
For v =5/2 (p = 2): Cs5(d) = o” (1 n \/;d n 5d§) exp (_@)

3p p

As v — oo, the Matérn covariance converges to the squared
exponential covariance function.

30



Matern covariance function

v —0.1, Oy =0.1, O%=0.0001

Y~ N(p(x), K(z*,x*)  y'ly ~ N(p* ") N(p*, %)
Samples from prior Samples from posterior Trajectory distribution
]




Brownian motion covariance function

The Wiener process is a simple continuous-time stochastic process often
put in connection to the Brownian motion.

Y~ N(p(e), K(x*, z*) y'ly ~ N(p*, 2 N (p*, %)

Samples from prior Samples from posterior Trajectory distribution

i i T
k(x;,x;) = min(x;, x;) + O *=0.1

32



dratic covariance function

Bayesian linear regression is equivalent to a GP with
covariance function k(x;, ;) = x;x;.

Y ~ N(p(xh), K(z*,x")  y'ly ~N(p, X" N(p*, %)
Samples from prior Samples from posterior Trajectory distribution
® o
o
O~ O ® © — @]
T—
°
T T T
k(x;, z;) = (xix; + 65 T=0.1

33



Y~ N(p(x), K(z*, =)

Samples from prior

mial covariance function

Y|y ~ N(u*, X% N(p*, X7)

Samples from posterior Trajectory distribution

(
(

34
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k(xi,xj) as p

* Another powerful approach to the construction of kernels is to exploit
probabilistic models.

* Given a generative model P(x), a valid kernel can be defined as
k(xi, xj) = P(xi) P(xj), which can be interpreted as an inner product in
the one-dimensional feature space defined by the mapping P(x).

 Namely, two inputs xi and x;j will be similar if they both have high
probabilities to belong to the model.

* This can bring additional properties to the underlying process such as
the capability of handling missing data or partial sequences of various
lengths (e.g., with HMM).

35
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k(xi,xj) as unctions

e A covariance function can be defined as a linear combination of
other covariance functions, which can be exploited to incorporate
different insights about the dataset.

* Such an approach can be exploited as an alternative to optimizing
kernel parameters (also known as multiple kernel learning).

 The ideais to define the kernel as a weighted sum of basis kernels,
and then to optimize the weights instead of the kernel
parameters.

[ ky(xi, ;) = (w;wj)Z + ;T
Dicti f basi .
kernel functions | 2(% %) = min(®;, ;)

L /fs(wu 339‘) — eXp ( — (®; — 339'>T(33i — 5'39))

k(x;,x;) = 07 ki(xi, ;) + O3 ka(x;, ;) + O ks(xi, =)

36
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e extensions of GCaussian processes

Cokriging:
Extending GPR to multiple target variables y.

Sparse GP:

A known bottleneck in Gaussian process prediction is that the
computational complexity of prediction is O(N3)

-> not feasible for large data sets!

Sparse Gaussian processes circumvent this issue by building a
representative set for the given process y = f(x).

Gaussian process latent variable models (GPLVM):

GPLVM is a probabilistic dimensionality reduction method that uses
GPs to find a lower dimensional non-linear embedding of high
dimensional data.

37



Caussian Process Implicit Surface (GPIS)
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Labs

Noémie Jaquier

Python notebooks and labs exercises:
https://github.com/teguhSL/ee613-python

Branch: master v | ee613-python / python_notebooks / linear_regression_1 / Create new file = Find file | History
49; teguhSL minor edits Latest commit c1daeee 9 hours ago
[E) Ex1ipynb minor edits 9 hours ago
[E) Ex2.ipynb minor edits 9 hours ago
[E) Ex3.ipynb minor edits 9 hours ago
[£) demo_LS.ipynb minor edits 9 hours ago
[E) demo_LS_polFit.ipynb minor edits 9 hours ago
[E) demo_LS_recursive.ipynb minor edits 9 hours ago

[E) demo_LS_weighted.ipynb minor edits 9 hours ago



