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Outline

* Properties of multivariate Gaussian distributions:
* Product of Gaussians
e Linear transformation and combination
e Conditional distribution
e Gaussian estimate of a mixture of Gaussians

* Locally weighted regression (LWR)
e Gaussian mixture regression (GMR)

 Example of application:
Dynamical movement primitives (DMP)



Product of Gaussians:

N(p" 57 ~ N(pD, 5W) - N (), 5®)
Linear transformation and combination:

N(p" B ~ N(p, =0) + N (p®, =)
Conditional distribution:

N(p®, =) ~ P(z2]x1)



Product of Gaussians

The product of two Gaussian distributions

N (D, =Wy and N (@, £3) is defined by
c N(p!. 3" = N, 20) - N(p®, 5?),
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Product of Gaussians - Motivating example

T = argmazn H,Uq—wHiVl + H/"LQ_CEHiVQ PrOdUCt Of
= (Wi + Wa) ™ (Wip + Wapo) Gaussians
(21—1 + 22_1)_1 (El_l,u,l + 22_1112)

(fusion)
N (g1, %) N (12, %)
JL; center of the Gaussian 1 1
T =51+ M2
}>; covariance matrix 2 2
(superposition)

W, precision matrix

(Wi=%")



Product of Gaussians - Fusion of information

X N( (1>) N(M(Q),E(Z))

7
/.J Scalar superposition

1
7 Using full weight matrices
also include the special case
of using scalar weights
L\‘




Product of Gaussians -

Kalman filter as product of Gaussians

—1
o= (27 e

—1 —1
=B (20 ) 20 )

Kalman filter

yr = Cx; + ey
ey ~ N (0,%,)

N’t2) = CTyt
: »? 2 iy, ct

() ‘.)

t=0 t=1 t=2

Ly = Awt_l + B’U;t + €y
ex ~N(0,X;)

! = Az, + Bu,
>V EAY, AT+ X, 7
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=22

If & ~ N (p®), =) and 2 ~ N(p), £7),
the linear transformation AWMz + A@) 2 4 ¢
follows the distribution

AWz 1 AP LR e ~ N(ph, B,

with  p! = AWM 4 42,2 4 ¢
L _ A5 A0




ation

mple expleiting linear transform
] duct properties

This is where | expect
. data to be located!
o.‘ :'
N(2.%) N (2@, 50))
Coordinate system 2: (1) (1
This is where | expect N(CC( )7 > ))
. data to be located!
2 1
- - A SO (e a0)
X argm{gnzl(w Z ) (:13 X )
J:

— Product of linearly transformed Gaussians 10



Conditional distribution ;

T2

N(u®, 9

Let @ ~ N (u, X) be defined by

T I 21 212
v <$2>’“ (Mz)’ (221 Ezz)
The conditional probability P(as|xy) is defined by

P(xa|z1) ~ N(p, =),

with MC = Mo + 221(211>_1(331 — H1)>
S = By — Zn(Zn) T




A

Conditional distribution A-acnin (Y -XA)(Y -XA)
- (X'X)' X' Y=X'Y

.’BI

- Linear regression from joint distribution 12



We consider multivariate datapoints & and multivariate Gaussian

distributions characterized by centers p and covariances 3J, that
can be partitioned as

7T 7 I Y0
w:[;pO] 3 M:[Zo] 3 ZZ[ZOI Eo]'

Ifx ~ N(p,X), we have 2°|x” ~ N (&°, 20)7

Conditional

with parameters . S
A0 O orNZI—1/ 7 7 S .
r° = po+ XN (" — ), e
20 _ ZO o 20121—1210 .

We can see that ¢ is linearly dependent on a*, and that 310 is
independent of x*.

We can also notice that for full joint covariance, the conditional
covariance X° will typically be smaller than the marginal 33°.
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mefric interpretation

PO — /’LO + EOIEI—1<wI o MI)

w(’)
_ 1 ajo|a31 ~
[w? Slope 30T & ) )
“__uol \ N (29,3°)
[ N 70 \
2= oz EO] ZOIEI—1<ZIZI — [,LI>
g »
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Reseolution
B ,LLI B DA LAY
RIS

We want to find the distribution of x£° that maximizes the

log-likelihood

(@1, %) = log (N (@l 3)
— S log[S] — (@ — S @ — ) — = loa(2m).

when x? 1s known and acts as a constant.

v
2
s

This can be computed by deriving the above equation and equating
to zero, namely
af

75— 0 \ //
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I‘I

To do this, we first note that X! can be partitioned as

> l=T=

'z Tz°

| K& Fo]

VS Yi Yl I D E | I 0

0 I ] [ 0 51] [-2@1211 I]

EI—1+ZI—1EIOS—1EOIEI—1 _Ez—lzzos—l
_S—lzozzz—l g1 ] y

where S = 3¢ — $I¥T 1370 i5 the Schur complement of X.

The above result can be shown by using a LDU decomposition of
3. where D is a diagonal matrix and L and U are atomic triangular

matrices (lower and upper, respectively), and then computing its

inverse by exploiting the inversion properties of diagonal and atomic
triangular matrices.

Resolution r- [Foz re

I‘IO
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distribution -

Resolution r-|.. FF]

' o ' I I _ZI 370
With such partitioning, we can see that == [mo] p= [Mo] 2= sor 20]

z ©
1 1
5@ —p) L@ —p) = — 5@ —p) Tz - p)
1
L@ T )
1
—5(a? = p?) T (" — p)
1
- 5(a? = p?) T2 — p?).
With the symmetry of precision matrices (I' = I'"), we have
1 . 1 1
—s@—p) e —p)=—szl(@—p) +5p Lz —p
1 1 1 1
— o Tox+-2Tp+-pwTe— T
5 az+2w u+2u xr 2/.L v}

_ 1T T 1T
=3 I‘:B+a:I‘u—§uI‘u. .



istribution - Resolution

| 1 o D

. . . ' ) - ! -
By using the linear algebra relations @~ T~ p) = @' T+ 2 T — o T

a T 6 T . a T T
—a'A=—Az=A —dAz=(A+ A

and by exploiting the derivation chain rule and the symmetry of

covariances, we obtain @ W) T p) = S ) T — ) — S — ) T — )

1 : .
— 5@ — ) T — o) -

8 2
a fo _ —FOMO +FOI(wI L “I) _|_I1(9w(9 — O
£r

— 30 — .U’O - Fo—lroz(wz - MI).

§<w 1 Ta® — )

_§-1xnorynz- 1 S-1
S — EO o EOIEI 121(9

2_1 [EI 1+ZI IEIOS 120122 1 21712105—1

By using the Schur decomposition, we can see that

S0 __ F"O o S(_S—lzozzz—lxwz o HI)
_ MO i EOIEI_l(CBI - MI>. 8
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Resolution

. ZI—1+EI—1EIOS—IEOIEI—1 _21—12108—1
- _S—lzozzzfl S—l

S — 0 _ EOIEI—lzzo

distribution -

-

The associated covariance matrix 3° measuring the error of this
estimate is given by the inverse of the Hessian matrix H. We have

0% f
OxCx®’

We can then see that

H — —T° = 3°—_r°ot

30— § =30 _ poryr-lyro

Note that in some cases, evaluating the conditional distribution
with precision matrices is computationally more efficient than with
covariance matrices.

$0 — /J’O o Iwo—lIwOI(wI o MI)
_ MO 4 ZOIEI—1<$I - l’l’I>
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If & ~ N(u,X), we have that x°|x* ~ N(C%O, 20)7
with parameters

A —1
- ZBO _ N’O 4+ EOIEI (CIZI . HJI)7
Ay B0 = n0_xnantin

If 2 ~ N(p,T7), we have that 2°|x? ~ N (2°,T°71),
with parameters

$0 H’O - Iwo—lroz(wz - MI)

30 = ot
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Caussian estim mixture of Caussians

We can approximate a mixture of Gaussians Zfil hi N (i, ;) with
a single Gaussian N (u, ), by moment matching of the means
(first moments) and covariances (second moments) with

K
H = th‘ i
i—1

K
=) h (EZ- - MM) — pp,
1=1

also referred to as the law of total mean and (co)variance.
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Gaussian estim

The result can be shown with

E(x) = p, X =cov(x) =E(xx') — E(x)E(x') = E(xx') — pu'

By considering datapoints @& distributed with a mixture of Gaussians

K
ZP z)P(x|z) = th‘ N(z|pi, %),
i—1

the mean is computed as

p=E(x) = /CE P(x) de = mth N(x|p;, 3;) dx
N 1=1
:Zhi/wj\/(w|u@,22)daz
1=1

22



mixture of Gaussians

Y =E(xz') — pp'

1=1

the covariance is then computed as

K
X=> b (Ei + uuul) —

1=1 =



Pvthon notebooks

24



Previous lecture on linear regression
A= argm}iln Y - XA (Y - XA)

=(X'X) ' XY=XY

A = arg min (Y — XA)W(Y —
— (X WX)'XWY

Degree 0 (e=24.31)

!l

Degree 1 (e=15.65)

Degree 2 (=8.53)

10

- 5

|

-5
10 20 0 10 20
[17X] L = [1,X,X

Weighted least squares

9_

8,

7_

6,

5_

4+t

3_

2 .

; Color darkness

proportional

0% to weight

-1 . . . . ]
0 02 04 06 08 1
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Locally weig

Locally weighted regression (LWR) is a direct extension of the weighted
least squares formulation in which K weighted regressions are performed

on the same dataset { X%, X°}.

S

06 0.7 0.8 0.9 1

06 0.7 08 09 1

26



LWR computes K estimates Ak, each with a different weighting function
¢r(xh), often defined as the radial basis functions (RBF)

N 1 B
On(@h) = exp (= 5 (@) — p) B (@ — uh)),
or in its rescaled form as ;
(sz){
or(x)
¢k($£) T K 7 .\
Zizl ¢Z($n)

where p; and 37 are the parameters of the k-th RBE.

4 )
— K weighted regressions on the same dataset { X*, X°}

— Nonlinear problem solved locally by linear regression

g J




7

d regression (LWR

Often, the centroids p are set to uniformly cover the input space, and
37 =1I0c"is used as a common bandwidth shared by all basis functions.

X' =lty,tg, ..., tn]

A T Ny 7T o
An associated diagonal matrix A= (X" W, X") " X* W, X

Wi = diag (6x(@)), 01(a3). ... du(ah)

can be used to evaluate Ag. The result can then be used to compute

K
X°© :Z W.X*A,
k=1
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A=(XWX)'XWY

L o 4 M ow A o o N ® ©
R e

0.2 04 0.6 0.8 1

o

LWR can be used for local
least squares polynomial
fitting by changing the
definition of the inputs.

d regression (LWR

20

r=1
-~
0 '|I0 2I0
xr = [1,x,x]

v =]

1, x]
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regression

Locally weighte




regression

Locally weighte




Python notebooks
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Caussian m MR)

P(xC|x”)

33



Gaussian mixture regression (GMR) is a nonlinear regression technique
that does not model the regression function directly, but instead first
models the joint probability density of input-output data in the form
of a Gaussian mixture model (GMM).

The computation relies on linear transformation and conditioning
properties of multivariate normal distributions.

GMR provides a regression approach in which multivariate output
distributions can be computed in an online manner, with a
computation time independent of the number of datapoints used to
train the model, by exploiting the learned joint density model.

In GMR, both input and output variables can be multivariate, and
after learning, any subset of input-output dimensions can be selected
for regression. This can for example be exploited to handle different
sources of missing data, where expectations on the remaining
dimensions can be computed as a multivariate distribution.



Caussian m

P(x°|x”) can be computed as the multimodal conditional distribution

P(af|x?) = Zh N( )

with A9 = pf + IS8T (2" — pl)
I Y D O I ik
S N (2| pf, 27)

and hz =

computed with the marginal

1
(@ — ) =@ - ).

35

N(@?| pf, =) = (2m) 52| 2 exp (-



Caussian m

In GMR, an output distribution as a single multivariate Gaus-
sian can be evaluated by moment matching of the means and
covariances. The resulting Gaussian distribution N (f°, XA]O) has
parameters

1=1 )



mixture regression (GMR

Caussian

This can be shown by computing cov(z) = E(xz") — E(x)E(z")

° = E(a|a”).
30 = cov(x®|z?) = E(x°z |x?) — E(x®|x")E(x® |x?).

The conditional mean can be computed as

f° = E(x®|z?) Z hi 16,
E(aa’) = SO0, hi (S + pagsy)
In order to evaluate the covariance, we first note that

E(x°z" |x") ZhZ%th pl al

We then have

37

K
= > hi(E0+ a0 a7) - a0



Caussian

Least squares

22 =2
e L r
o —k

OV

linear regression po, 3o
g £
& P(&7¢7)

GMR can cover a large range
of regression approaches!

Nadaraya-Watson
kernel regression

& P(&€n)
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mixture regression - E

R <= =

P(E°IE7)

[Calinon, Guenter and Billard,
IEEE Trans. on SMC-B 37(2), 2007]
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P°lEr)

With expectation-maximization (EM):
(maximizing log-likelihood)

[Hersch, Guenter, Calinon and Billard,
IEEE Trans. on Robotics 24(6), 2008]

With quadratic programming solver:
(maximizing log-likelihood s.t. stability constraints)

[Khansari-Zadeh and Billard,
IEEE Trans. on Robotics 27(5), 2011]



Python notebooks

41






kY = %\/ 2k7

kY = V2k?

K = 4kP

(underdamped)

(ideally damped)

(overdamped)

1

T




&=k (ur—x)— k' + f(s)

I .’:151 — ]{POI,T — $1> + kvitl
2.1.32 — ]{/’PO,LT — $2> + ]{iviiIQ

E7 — k" (pr — ®7) + K@

X =

o~

W, = diag (qbk(Sl), Dr(52), - - - a@bk(ST))

F, = (X" W, X") ' X"W, X°

44



ent / it

Learning of P(s, f) and retrieval of P(f|s)
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Kalman filter with feedback gains

>, = (I - K,C)x
pe =y + Ki(y, — Cy”)
K, =3%/C" (3, +Cx"C")

an filter

Kalman filter as product of Gaussians

—1

yr = Cx; + ey
ey ~ N (0,%,)

1
== (B ez

1
pr = (Eg” py + 30 u?) » A

Nt — CTyt
: »? 2 cts, ct'

() ‘.)

e & &
t=0 t=1 t=2

Ly = A.’L't_l + B’U;t + €y
ex ~N(0,X;)

! = Az, + Bu,
>V EAY, AT+ X,



