alinon
Interaction




13 - List of courses

19.09.2019 (JMO) Introduction
26.09.2019 (JMO) Generative |
03.10.2019 (JMO) Generative |l
10.10.2019 (JMO) Generative Il
17.10.2019 (JMO) Generative IV
24.10.2019 (JMO) Decision-trees
31.10.2019 (SC) Linear regression |
07.11.2019 (JMO) Kernel SVM

14.11.2019 (SC) Linear regression Il

21.11.2019 (FF) MLP
28.11.2019 (FF) Feature-selection and boosting

05.12.2019 (SC) HMM and subspace clustering

12.12.2019 (SC) Nonlinear regression |
19.12.2019 (SC) Nonlinear regression Il




Outline

Linear Regression Il (Nov 14)
* Logistic regression
* Tensor-variate regression

HMM: preliminaries (Nov 14)
* Expectation-maximization (EM)
* Covariance structures in HMM
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Last course: Linear regression

02 | g, ’
0 i ‘o
X
£ 2 X,

- Fitting a line/plane model



Logistic regression

Pass/fail in function of the time spent to study at an exam:

1 ° (] [ (] e o o o o

Y 057

0 1 2 2.71 3 4 5 6

) - - Classification
Logistic function: MW
’LL(Q/IJ) - 1_|_€—a,Tw ,LL(ZC) — 1+e—(cltl+a2ff)



Logistic regression

Likelihood: oo
1— n
L = Hn M(wn>yn(1 — M(wn>)( )

Cost function as negative log-likelihood:

cC= — Zn Yy log (,Lb(wn)) + (1 — yn) log (1 — M(wn))

g_ccz == yap (=) m, — (1= y) (1 — ) (1= p)
= —Zyn(l—ﬂb)wn—(l—yn)ﬂwn

= > (1 —ya)zn o =l — p)



Logistic regression 9¢ = S (1 — yn) Ty,
It can for example be solved by a Newton-Raphson iterative opti-

mization scheme a + a — H ™ 'g.
with gradient g = > (u(xn) — yn)xn = X' (1 — y) and Hessian

H = X"W X . with diagonal matrix W = dlag * ))
We then obtam (
Hadamard
a < a— H_lg (elementwise)

product

—A—(XTWX) ' X (- y)
—(XTWX) (X WXa— X (un—1vy))
— (XWX)' X" (WXa+y—p)
— (XTWX) ' X Wz,
with working response z = Xa+ Wy — ).
-> IRLS procedure :



SR
¢
&z




TensorFlow

!

[ [ ][] ] ]

S]]

L)) ]
yENNaN.
L]
L]

1st-order 2nd-order 3rd-order
tensors tensors tensors

Examples of data organized as tensors:

- Recommender systems (e.g., age, M/F, city, income)
- Images (e.g., X, y, rgb channels)

- Videos (e.g., x, y, rgb channels, time)

- Robot motions (left/right arm, xyz, time)



Flatland

A Parable of

Spiritual Dimensions

Jlfwniﬂﬂ.
‘Ui!iil!iﬁ!ii'

...........

- —
—.—-;5),

//
// RAL
~t "\\\\\\

~~~~~

EDWIN A.ABBOTT
joint
agent coordinate
sample \ / time step \/J\
X€R10X2X31X3X100 X€R10x18600 \\

Tensor factorization keeps the structure of the original data
> Multiway analysis of the data 11



Tensor indexing - Fibers X tensor
X matrix

X ¢ R8><6><4 x vector

xr  scalar

x. ;i (column) x; . (row) x; ;. (tube)

12



Tensor indexing - Slices X tensor
X matrix

X c R8x6x4 xr vector

r  scalar

X..j (frontal) X. ;. (lateral) X ... (horizontal)

13



Tensor matricization / unfolding

A matrix X, € RIn> Uy In-rlnr+IN) pegults from the mode-n ma-

tricization (unfolding) of a tensor X' € RI<f2X*Iv which consists
of turning the mode-n fibers of X into the columns of a matrix X ;).

X c R8x6><4 X(l) c R8x24

(mode-1 unfolding)

14



Hadamard A x B =
(elementwise)

Kronecker A ® B =

Khatri-Rao A ® B =

ai 2b1 2
as 2022

a1,2b2
a2,2bz

Cbl,zbz

Kronecker, K

CLLJbLJ

CLQ’JZ?Q’J

A c RIXJ
B < RKXL
A@B c RIKXJL

Ao B ERIJXK



A

B

Ax B =

mentwise) product

A c R3*?
B € R
A x B € R3*?

16



Kronecker product - Example A € R¥*2
B c R5X4
A® B e R"*
A B
AgB=| [ ]
- o

17



Khatri-Rao product - Exam

-

A€ RBXQ
B € R>
A®BeRY

AG® B = N

18



X 6 R11XIZX"'X[N

N4 M ¢ R/*In
T y c RllX"'XIn—IXJXIn—l—lX"'X[N

!

[l )]
L))
S]]
yENNE.
S]]

[ L[]

Y=X x, M

Y,)=MX (matricized form)

I
yil,...,in_l,j,in+1,...,iN:g Ti,..iny Mji, (elementwise)

=1

Intuitively, the operation corresponds to multiplying each mode-n
fiber of X by the matrix M. »



Mode-n product: Example X ¢ R8x6x4

M e R
Y

y c R8X3X4

20



d inner product

The outer product of two vectors @ € R! and

b ¢ RY results in a matrix X € R{*/ denoted
by X =aob=ab'.

The outer product of three (or more) vectors
a € R b e R’ and ¢ € R" results in a tensor

X e RI™>XE denoted by X = a o b o ¢ with
elements ; ;. = a; bj cy.

The inner product of two vectors @ € R! and
b € R! results in a scalar v = (a,b) = a’b =

S aib;.

The formulation can be extended to tensors A
and B of the same size. We have

(A, B) = (A, B)) = (vec(A), vec(B)).

LT

X =a b
—aob

(outer product)

[ ] Dj]@
r = a' b
= (a,b)

(inner product)

21



Singular value d

_

Y U s v

O'% u v, + 0% u 0]

,&161 - ,&26; /\

Ui = O,
V; = 07

22




alobloq

p@sjtion

~. .

a20b20C2

e

as o b3 o c3

23



o 7 @, @
CP decomposition

X :Zlearobrocr
= |A, B, C]

Matricized form: X1 =A(CoB)
X3 =CBoA)
Vectorized form:  vec(X) =(C OB ® A)1p

- R
Elementwise: Tijk = D ey Giy Djr Cy

A =laqj,as,...,ap] is called a factor matrix.

The tensor rank R corresponds to the smallest number of

components required in the CP decomposition.

24



Parameters estimation: Alternating least squares

The CP decomposition can be solved by alternating least squares
(ALS), by repeating

. 2
A <+ arg min X1 —ACoB) |,
B + argmg)n X(Q) — B(C © A)T ;
C’%argmciwn X3 —CBOA) 12?

until convergence, yielding the update rules A
T T '
A« X ((C ® B) ) l B = b, by, by]
T T A
B + X(2)<(C@ A) )

C +— X3 ((B ® A)T)T

25



Tucker decomposition G c RPXQxR

/ IxP
ﬁﬁc Core tensor AcR
an N B € R7*¢
i = C c RE*E
e A

P R
X = Zp:1 222:1 D r=19pgr Gr o broc,
— G X1 A xo B X3 C
Matricized form: Xy = AG1(C @ B)'

X( ) = BG(Q)(C & A):
X(g) = CG(g)(B & A)

)}

. P Q R
ElementWISe xl,],k — Zp::[ Zq:]_ Z’r’:]_ gpa‘])r aﬂl’ap b.]aq C]C,’I“ 26



eters estimation:
er orthogonal iteration (HOOI)

Hi%hez'@r

g,gl,izg,c |x¥—-19:4,B, C]]Hi st. A'A=1Ip, B B=1;, C'C=1Iy

s R
which can be solved by repeating In contrast to CP, the Tucker
decomposition is generally
yA « X X o BT X 3 CT not unique
B - - -> A, B and C constrained
y +— X X1 A X3 C L to be orthogonal matrices )
yc — XXlAT XQBT
A <+ P leading singular vectors of Y(f)
B <+ () leading singular vectors of Y(g

C < R leading singular vectors of Y(%

until convergence, with G finally evaluated as

G +— X x{ A" xo B" x5 C" 2



Parameters estimation:
Higher-order orthogonal iteration (HOOI)

The problem can be recast as a series of maximization subproblems

A + arg max A'X(C ® B) f? st. A'A=1Ip
B + arg max B X 5n(C®A) ? st. B'B =1
C «— arg ax C'X3(BoA) é st. C'C = I

which can be solved by repeating

A < P leading singular vectors of X(;)(C ® B)
B < (@ leading singular vectors of X 2)(C ® A)
C <« Rleading singular vectors of X3 (B ® A)

until convergence, with G finally evaluated as

g<——X><1AT><QBT><3CT 28



Tensor-variate linear regression

predicted output
vector of weights
bias

For vector-variate : y=x'w + b+ ¢ _ ,
(Gaussian noise

m@g@

= (x,w) +b+e¢

For matrix-variate X: y = w Xw® +b+e
— <X7 w(l) O w(2)> + b + €

For tensor-variate X: y = ( X, wWMo...ow™ ) +b+e
(X, W) +b+e

(X, 8w o ow™ )y rbte
(X, W) +b+e

= for W of rank R: y



Tensor-variate Emeaz regression:

!

[[]]]]
[T ]]]]]

[ [ ] ] ][]
[[]]]]]

[[]]]]
[ ]]

30



Tensor-variate linear regression:
Parameters estimation

R
yn = ( X, Zarobrocr> +b
r=1

[[]

= vec(X (1) (C ® B)) vec(A) y — 1b = &, vec(A)
) e g y — 1b = &, vec(B)

= vec(X(9).(C ® A)) vec(B)

-
\ o7
WV
¢2,n (

— Xec (X(g))n(B ® A))ZV@C(C)
e Yy =
¢3,n




Tensor-variate linear regression:

!

Parameters estimation -
T X
Alternating least squares (ALS)
update rules: y — 10 = ®; vec(A)
T y — 1b = @ vec(B)
V@C(A) < @1 <y — ]_b) y — 1) — @3 VQC(C)

vee(B) < ®)(y — 1b)
vec(C') <+ @; (y — 1b)

] — ]
b <+ N;(yn_<X(1)’”’ A(C@B) >>

32



logistic regression
(gates)

ridge regression
(experts)

Teleoperation
experiment

A TME model is trained with¥he collectod®data 4
The movements are mapped to the robotic
_system (arm and hand).

The detected acifYations are also
displayed on the Shadow robot hand_-

[Jaquier, Haschke and Calinon (2019), arXiv:1902.11104]
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