alinon

interaction
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13 - List of courses

19.09.2019 (JMO) Introduction

26.09.2019 (JMO) Generative |

03.10.2019 (JMO) Generative Il

10.10.2019 (JMO) Generative Il

17.10.2019 (JMO) Generative IV

24.10.2019 (JMO) Decision-trees

31.10.2019 (SC) Linear regression |

07.11.2019 (JMO) Kernel SVM

14.11.2019 (SC) Linear regression Il
21.11.2019 (FF) MLP

28.11.2019 (FF) Feature-selection and boosting
05.12.2019 (SC) HMM and subspace clustering
12.12.2019 (SC) Nonlinear regression |
19.12.2019 (SC) Nonlinear regression Il



Outline

Linear Regression | (Oct 31)

* Least squares

e Singular value decomposition (SVD)

* Kernels in least squares (nullspace)

e Ridge regression (Tikhonov regularization)
* Weighted least squares

* |teratively reweighted least squares (IRLS)
e Recursive least squares

Linear Regression Il (Nov 14)
* Logistic regression
* Tensor-variate regression

Hidden Markov model (HMM) & subspace clustering (Dec 5)

Nonlinear Regression | (Dec 12)
* Locally weighted regression (LWR)
e Gaussian mixture regression (GMR)

Nonlinear Regression Il (Dec 19)
* Gaussian process regression (GPR)



Labs

Teguh Lembono

Python notebooks and labs exercises:
https://github.com/teguhSL/ee613-python

Branch: master» | ee613-python / python_notebooks / linear_regression_1 / - Find file = History
g‘ teguhSL minor edits Latest commit c1dagea 9 hours ago
| Ex1.ipynb minor edits 9 hours agc
=] Ex2.ipynb minor edits 9 hours ago
| Ex3.ipynb minor edits 9 hours ag(
demo_LS.ipynb minor edits 9 hours ag¢

| demo_LS_polFitipynb minor edits S hours ag(
=| demo_LS_recursive.pynb minor edits 9 hours ago

=] demo_LS weighted.ipynb minor edits 9 hours ago
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LEAST SQUARES

circa 1795



i
e

raitous tool

2

Weighted least squares?

—» Regularized least squares?

T~

\ L1-norm instead of L2-norm?

X' Nullspace structure?

Recursive computation?



3 YouTube "
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History

BEST OF YOUTUBE
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Live
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360" Video

Browse channels

deep learning regression

-
3= FILTER

[ApplicationsiofiDeep!
Regression

BEGINNER INTRO TO
NEURAL NETWORKS

ol K Ko
Eplsode 23|
Implementing simple

and multivariable /

Unear Regression in
Keras

5.3: Regression Neural Networks for Keras and TensorFlow (Module 5,
Part 3)

loff Heaton * 6K views « 1 yeor age

Performing regression with keras neural networks. Producing 8 11t chart. This video (s part of

hat Is taught In a hybnd

Linear Regresslon Machine Learning (tutorial)

sirs| Ravel © 87K viey Streamed 2 years aqo

perform linear regression fram ratch in Python using a method called 'Gradient Descent

fzlarmine the relationship

3.4 Llnear Regression with Gradient Descent - Intelligence and Learning

The Coding Train © 64K views + 1 year ago

In thig video | continue my Machine Loaming seties and attempt 1o explain Linear Regression with

Gradient Descent. My Videx

CC

Beginner Intro to Neural Networks 8: Linear Regression
glant_neural_network = 53K views « 1 year age

Hey everyone! In this video wa're going to look at something called linear regression. We're readly just

adding an input to our

Leammg Tensorflow with linear regression

whnology fof Noobs » 3. 5K views = 1 year ago

In this video, | wifl cover basica of tensorfiow. Delow are the topics that will be coverad: 1. Basic of linesr

regression 2. Basics of

Ep-2.3: Linear Regression in Keras || TFK-Deep Learning || Exploring
Neurons

anan « 12K views « |1 year ago

This video explaina the implementatiorn

giscussion of linea

1 of simple and jtple linear regression In keras. The thearetical
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Least squares is everywhere: from simple problems
to large scale problems.

It was the earliest form of regression, which was
published by Legendre in 1805 and by Gauss in 18009.
They both applied the method to the problem of
determining the orbits of bodies around the Sun
from astronomical observations.

The term regression was only coined later by Galton
to describe the biological phenomenon that the
heights of descendants of tall ancestors tend to
regress down towards a normal average.

Pearson later provided the statistical context
showing that the phenomenon is more general than
a biological context.

Adrien-Marie Legendre

Karl Pearson
11
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Multivariate linear regression

By describing the input data as X € RY D" and the output dataJ

{as y eRY, we want to find a € RP” to have y=Xa.

A solution can be found by minimizing the 5 norm

a = argmin ||y — Xal”
a

= argmin (y — Xa) (y — Xa)

—argminy'y—2a X'y+a X' Xa
a

By differentiating with respect to a and equating to zero

Sample 1

Sample 2

Sample N

2X'y+2X'Xa=0 <+— a=(X'X)'X'|y

Moore-Penrose X‘i‘ j

pseudoinverse

X

12




gression

By describing the input data as X € RY D" and the output data
as YERNXDO, we want to find A € RP™P° to have Y = X A.

A solution can be found by minimizing the Frobenius norm
A = arg min [|Y" — XA|:

= arg mfiln tr((Y - XA) (Y - XA))

= arg mfiln tr(Y'Y —2A'X'Y + AX' XA)

By differentiating with respect to A and equating to zero

XY 42X XA=0 — A=(X'X)'X'y

pseudoinverse 13

\ / / Moore-Penrose X‘i‘ J

—e
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mial fitting with least s

Degree 0 (e=24.31)

10
- 5
0
-5 )
0 10 20
xr = [1,x,x%x

Degree 1 (e=15.65)

10
£ = [17 X]

Degree 4 (e=6.48)

20

2

uares

A=X'Y

Degree 2 (e=8.53)

10 20

L = [17 X, XQ]

Degree 5 (e=6.47)




Singular value d

XGRNXDI U c RV*N EERNXDI - A
- >, - - i, -— i, - 1
1 000 2 001 O 40 0 0O 8 0 (1) 8
00300 010 O 03 0 00 —
00000f (000 —=1]100+500 8288?
04000 1 00 O 00 0 00
- -t 4 b 4 [-v08 0 0 0

Matrix with non-negative X AN _{)01

diagonal entries I 8 .
(singular values of X)

Unitary matrix Unitary matrix
(orthogonal) (orthogonal)

A
X =UxV"




X ¢ RVxD*

X7

o\

N\

A=X(XX)"Y
X can be decomposed with the singular value decomposition
X =UxXV'

where U and V are N x N and D* x D* orthogonal matrices, and
> is an N x D* matrix with all its elements outside of the main
diagonal equal to 0. With this decomposition, a solution to the
least squares problem is given by

A=Vv3IUY
where the pseudoinverse of 3 can be easily obtained by inverting

the non-zero diagonal elements and transposing the resulting
matrix.

17



atlab code:

o LS polfit nullspacell.

18



guares (nullspace)

The pseudoinverse provides a single least norm solution, but we
can sometimes obtain other solutions by employing a nullspace
projection operator IN

N

A=XY+IT-X'X)V
V' can be any vector/matrix (typically, a gradient minimizing a

secondary objective function).

The nullspace projection guarantees that |Y — X A|2 is still
minimized.



guares (nullspace) N
A=XY+I-XX)V

An alternative way of computing the nullspace projection
matrix is to exploit the singular value decomposition

xXt=usv' ..

0

0
V02

—/038

[ecBN el
= O O O
o w O pHE
o O O
S O N
_= oo O O
O = oM
S O =
o|o©
QQ.’)OM

=)
(e}
=)
(an)

to compute

o

)
o
)
o
)
o
=)
=)

(e]
X

S
coo o~
coo~of®

%O%OO
\] oo
e — |

i
N-=UU
where U is a matrix formed by the columns of U that span
for the corresponding zero rows in ..

This can for example be implemented in Matlab/Octave with
[U,S,V] = svd(pinv(X))
sp = sum(S,2) < 1E-1
= U(:,sp) * U(:,sp)’

20



Example with polynemial fitting

a=Xy+Nv with ==][1xx...,x%
v~ N(0,TI)




Example with robot inverse kinematics

Forward kinematics 0

T a1 sin(qy) + as sin(q; + go)

[971] _ [al cos(q1) + az cos(q1 + ¢2) x = f(q)

22



g to have {(g)=0

slope f'(q)




Causs-Newton algorithm




with robot inverse kinem

ple

Gauss-Newton algorithm \

f2(q)

: o

fi(q) s g «— q—aJ'(q)f(q)

oq 0o

J<q): df2(q) 0fa(q)
q1 dq1 dq2

< c R2X2

q2

df1(q) 5fl(‘1)}

25



ple with robot inverse kinem

g 275 e2 2

Joint space /
configuration space
coordinates

Task space /
operational space
coordinates

Forward kinematics is computed with

B ox, af(‘]t) dq; B

wt:f<q75> < it—ﬁz BT, —J(Qt> d;

dq;

where J(q,)= 8%;((1?) is a Jacobian matrix.

An inverse kinematics solution can be computed with

A

q: = JT(‘It) x; + N(q,) 9(q;)

26



Example with robot inverse kinematics

q, = Jlq,) & +Niq,)

— Primary constraint: _—
keeping the tip o
of the robot still = Jq)

<
1
0| N [0
0

-

- Secondary
constraint:
trying to move
the first joint

27




mple with robot inverse kinematics
— Tracking target
ét = JmL wf + IN* JRJf :Ef with right hand,
A _ if possible
=7 (@ —af) + N© I (@~ ap)
\ — Tracking
target with

left hand

—



atiab exa:

?E@:

o LS pollitd2.:

29



gression (Tikhonov regularization)

The least squares objective can be modified to give preference to a
particular solution with

A =argmin |[Y — X A|lf + |TAJ

= arg mfiln tr((Y - XA) (Y — XA)) +- tr((I‘A)TI‘A>

By differentiating with respect to A and equating to zero, we can

see that
—2X'Y +2X XA +2I'TA =0 \ 7

yielding )
A= (X'X+T'TD)'X'Y

[f I' = A\I with A < 1 (i.e., giving preference to solutions with

smaller norms), the process is known as £2 regularization.
30



Tikhonov regularization)

Ridge regression can alternatively be computed with augmented
matrices

with 0 € RP"*DP” and T' € RP™P" vielding

~—|_~

A= (X'X) X

<HH>HH

X € RNXDI (XTX +I
Y c RNXDO

O
A € RD™D

31



Ridge regression (Tikhonov regularization)

Ridge regression also has links with SVD. For the singular value

decomposition

X=UxV'

with o; the singular values in the diagonal of 3, a solution to the

ridge regression problem is given by
A=VIU'Y
where 3 has diagonal values

oF)
0?+A2

~

O; —

and has zeros elsewhere.

32



gression (Tikhonov regularization)

D* =7 (polynomial of degree 7)

107

2=10"7 (e=6.33)

20

2=10"° (e=13.67) 2=10%° (e=24.55)

e
10+ 10
5 <: B
0 0
5 _ -5

0 10 20 0 10 20

X X

33
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By describing the input data as X e RYY D" and the output data as

Y e RVP O, with a weight matrix W € RV we want to minimize
A = arg min [[¥ — XA|pw
= arg min tr((Y - XA)W(Y — XA))

A
= arg m}iln tr(Y WY —2A' X' WY + A X' WXA)

By differentiating with respect to A and equating to zero

X WY 12X WXA=0 «— A=[(XWX) 'X W]y

\ 7 “xl,

35



A

(X WX) ' X WY

Ordinary least squares

0.2

0.4

0.6

0.8

Weighted least squares

Color intensity
proportional
to weight

0.2

0.4

0.6 0.8 1

36



Weighted least sguares - Exam

A= (XWX)'XWY
g, = (JWI) ' TW* &,



Weighted least sguares - Example II

A=WX (XWX")'Y
g, = WeJ (JwJ) ' &,

1171 — - i

©

|
o o O
o — o
— o o

38
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Iteratively rew

* lteratively Reweighted Least Squares generalizes least
squares by raising the error to a power that is less than 2:
— can no longer be called “least squares”

* The strategy is that an error |e|P can be rewritten as
le|P=|e[P e

* |e|P?can be interpreted as a weight, which is used to
minimize e? with weighted least squares.

* p=1 corresponds to least absolute deviation regression.



ighted least squares (IRLS)

le[P=e|P?e’

For an £, norm objective defined by

. . )
A= Arg min Y — XAlg,
A is estimated by starting from W =1 and iteratively computing
A+ XWX)'XWY

W, « Y, — X, AP vee{l,..., T}

41



gression robust to outliers

Ordinary least squares (e=14.6) lteratively reweighted least squares (e=12.6)
6r 8¢
® ®
®
5 L
4 L
3 L
>
2 L
1t
. Color darkness
0 proportional
l to weight l
-1 ' ' ' ' ' -1 ' ' ' ‘ '
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X
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Python notebook:

LS recursive.ipynb

43



Sherman-Morrison-Woodbury relation:

E

A

(B+UV)'=B'-B'U(I+VB'U) VB!

with U e R"*"™ and V e R™*".

When m < n, the correction term E can be computed
more efficiently than inverting B+ UV .

By defining B= X"X, the above relation can be exploited
to update a least squares solution when new datapoints
are available.



Recursive least sguares B

i, N

I'd N\

(B+UV)'=B'-B'U(I+VB'U) VB!

fX,..=[X", V7] and Y, =[Y",C']", we then have
Bnevv — X;lreW-X-neW
=X'X+V'V
=B+V'V

whose inverse can be computed with

B.!-B'-B 'V (I+VB'V') VB!

new

which is exploited to efficiently compute the update as
A - A+K(C-VA)
with Kalman gain K = B~'V" (I + VB_lvT)—1

45



Ordinary least squares (e=11.0)

0.2 0.4 0.6 0.8

Recursive least squares (e=11.0)

0 0.2 0.4 0.6 0.8 1

46



47



Nonlinear

X

Linear in state space
y=Auy of higher dimension
4 )
(i A 000 (! U1 T .
yo| = [0 Ao —Ao| |yo| with | |y2| = |22 Yi
Y3 0 0 2A1| [u3 Y3 i i
j \_ ) Yj Yi
Uz = %:‘vl Main challenge in Koopman analysis:
1 . . .
= 221 M1 How to find these basis functions?
\_ = 2>\ly3

~

48



Linear guadratic tracking (LOT)

T Track path!2 Use low contr;l commands! QT:E%l
min 3 [lm—ailg, + [ludlg,

t=1
St Ty = Awt + Buy System dynamics

Lo
&X; state variable (position+velocity)  _ -
Jb; desired state T
U+ control command (acceleration) & "
Qt precision matrix ‘
R; control weight matrix &?. _——

49



T Track path!

How to solve this objective function?

Use low control commands!

min > {le=ilg, + el
u Q, R,

t=1

S.1. L1 — Awt T But System dynamics

Pontryagin’s max. principle,
Riccati equation,
Hamilton-Jacobi-Bellman

(the Physicist perspective)

Dynamic programming

(the Computer Scientist
perspective)

/

Linear algebra

(the Algebraist
perspective)




Let's first re-organize the objective function..

) |
e =3 ((me) Qulu—m) + iR u) *’ 2
t=1 e T

=(p—z) Q(p
‘R, O 0
0 R, 0
0 0 -+ Ry
e r”
o U9
pu=1 . xr—= :

KT LT ur
51




Let's then re-organize the constraint..

[.’L‘t_|_1:AiUt‘|-B’U,t ]

Iro = AiBl + B’U,l
x3 = Axs + Bus = A(Ax| + Bu,) + Buy

T = AT_lwl + AT_QB’U,l + AT_3B’U,2 + -+ Br_qupr_4

T I 0 0 0 0]
s A B 0 0 0 ul
x3| - | A | 4, 4+ | AB B 00| "
xr|  [AT A"?B AT3B ... B o| L'
%(_J N\ v J
S® S

52



Linear guadratic tracking (LOT)

The constraint can then be put into the objective function:
eSS
T
(p—z) Q(p—x) + uRu

(u —S%x, —S“’u)TQ (u —S8%x —S"u) + u'Ru

C

Solving for u results in the analytic solution: \ / /

——

a=(8""QS*+R) §“'Q (n— S%x)



Linear gquadratic tracking (LOT)

4= (S*"QS"+R) '8V'Q (n — S%x) » % = 8%z + S"@
St = (S*'QS"+ R) 5% — §%(S*TQS" + R) 'S

The distribution in control space can
be projected back to the state space

t=_0.3

=0.6 ) t=0.3 ~ t=1

: 4

t=0

Passing through
3 keypoints with
varying precision

t=1 ¢ ¥ ooy
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