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overview

l Graphical models fundamentals
l bayesian networks, representations
l probabilities factorization
l conditional independence
l undirected graphical models

l Learning
l Maximum Likelihood, Bayesian learning, Maximum a Posteriori (MAP)
l the EM algorithm, latent variable models (GMM, HMM)

l Continuous Latent variable
l Principle Component Analysis (PCA)
l Probabilistic PCA

l Inference algorithms
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Outline PCA
l Introduction

l Principal Component Analysis (PCA) Principles
l Variance Maximization
l Reconstruction error minimization

l Examples
l Eigenshapes 
l Eigenfaces

l Considerations
l Limitations 
l Extensions

l Flat hand of one person
l Delineated with 80 points

=> shape representation: position of these points  
=> original space dimension D=160

l Assume allowed mobility = independent rotation of each finger
=> manifold of flat hand intrinsic dimension  around M=5

Introduction
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Shape 
analysis



Faces as high-dimensional data point
l Each of this face

100x100 patches
= 10 000 pixels

D = 10 000 dimensions

l Database of 2000 faces
=> 1 point per 5 dimensions !
=> data is very sparse

(To represent probability density, 
need number of training samples 
> D)

l But the face space has actually 
a much smaller dimension 
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Data components (here pixels) 
are correlated

Eigenface, eigenshapes, eigenX

Main Idea of PCA (and manifold reduction techniques)

l Many real worl datasets
l Data point lie in large dimensional spaces
l Data point components are highly correlated
l Low linear dimensional subspace captures most data variability

l Historically (in computer vision)
l Turk and Pentland 1991

Eigenface PCA+nearest neighbors to classify face images

l Cootes and other (Cooper, Taylor, Graham) from 1992-1995

Eigenshape PCA+fitting algorithms on images
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PCA principles
l Goal: project data from space of dimension D into lower dimension 

space (dimension M<D)
l Linear subspace => linear projection
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Original data Projected data 
(reduced data)

=Projection matrix 

PCA principles
l Data driven approach

i.e. learns a transformation from data
=> dataset

l Projections

l Two views of PCA. Given the dataset, find the principle components (u
vectors) retaining most of the information of the original data

l Capture most data variability of original points
=> maximizes variance of projected points

l Generate data points as close as possible to initial points
=> Minimize reconstruction error =  distance between o and o
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Interpretation of principal components Interpretation of principal components



Interpretation of principal components Variance maximization
l Mean of data point       - Covariance of original data points S

l Maximized if
l Need constraint
l This is a constrained optimization problem solved with Lagrangian approach

l Conclusion:  
l u1 is the (unitary) eigenvector of S with largest eigenvalue
l u1 captures the most variation among the training vectors xn

Note: eigenvectors are sometimes called eigenmodes
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J(u1) = uT
1 Su1 + �1(1 � uT

1 u1) =>



Variance maximization

l What about u2 ? 
l It is also an eigenvector of S, orthogonal to u1,

whose eigenvalue is the second largest

l Properties. 
l Vectors uk are orthogonal to each other, define a new coordinate system
l The principal components coordinates yk are uncorrelated

=> covariance matrix of y is diagonal with

l The kth largest eigenvalue is the variance of the kth principal component yk

l The kth principal component yk retains the kth fraction of the variability
in the sample dataset
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Alternative view
l Approximate data points as a linear

combination of M new basis vectors

l we are looking for       that are orthogonal, unitary
l Goal: select the basis vectors minimizing the reconstruction error

It can be shown
l i=1..M are the eigenvectors of S with largest eigenvalues
l Principal component k is given by

l Note: if M = D, this corresponds to a change of basis
components yk are the coordinates of x in the new basis
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yk = uT
k (x � x̄)



To wrap up
Set of training samples
l Compute mean and covariance

l solve eigenvectors of covariance matrix
l e.g. SVD decomposition, or more efficient methods if only look for the M first 

eigenvectors, and D is of large dimension
l select/keep the M first eigenvectors (and eigenvalues)

=> sort eigenvectors ui by decreasing order of eigennvalues
=> form matrix

l lower dimensional representation of datapoints is given by

l approximate reconstruction of data point 

l Total square error made by approximation
(         discarded eigenvalues in the projection)
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yn = UT (xn � x̄)

U = (u1, . . . ,uM )

x̃n ' x̄ + Uyn

NX

i=1

(xn � x̃n)2 = (N � 1)
DX

j=M+1

�j

�j
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Some examples



Eigenshapes (Cootes)

l Synthetize new shapes by 
varying the principal 
component coefficient yk
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Training data

mean Faces shapes
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Examples - Eigenfaces
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Training images   x1….xn

Eigenfaces

l Note: each eigenface is an image
l Model variations around mean intensity

l Contain positive (bright) and negative values (dark)
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Mean face



Eigenfaces
l Face x in ‘face space’ coordinates

l Notes: 
l image should better be cropped on face only
l alignment (translation, scaling, rotation) of training data is important
=> avoid modeling variability that can be parameterized in advance
=> data more consistent with PCA hypothesis
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mean

Considerations
l How to choose the number M of eigenmodes to keep ?

l Eigenmodes account for data variability =>
select smallest M such that the Total Variance 
in projection space is above a fraction 
of the original variance

(we assume eigenvalues are 
ranked in decreasing order)

l Other: if PCA is used as preprocessing for a classification
Select M through cross-validation

22

Total variance of training 
data in subspace of size M

Total variance of 
data in full space



Considerations
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Training data:
784 letter 3 images 
translated, rotated

Mean and 
eigenvectors

Ranked
eigenvalues

Reconstruction

Considerations
l Note: if M=D (if we keep all dimensions), is PCA useful ?

Yes. Data point components y in new basis are decorrelated
=> covariance is diagonal

Interesting when using GMM with diagonal covariance 
in further modeling steps

l Note : PCA application - Data whitening
l heterogeneous data: different dimensions correspond to different measures

e.g. for a person: x = (age,height, weight)  etc => pb: not comparable units

l before further step (which may require distance computation), normalize data
l standardization: rescale each component so that it has zero meand and unit standard 

deviation
l with PCA: 

l where L contains the DxD diagonal matrix with elements
=> the y elements are uncorrelated with unit variance (the covariance is the identity matrix) 
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yn = L�1/2UT (xn � x̄)

�j



l Implicitely assumes that data are distributed as 
a Gaussian => may not be true

l Fitting data with an hyperplane (linearity)

l If there is a model for data generation
=> fit the model (e.g. using regression models)

Limitations Limitations 
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Training data:
784 letter 3 images 
translated, rotated

Mean and 
eigenvectors

Ranked
eigenvalues

Reconstruction

50 eigenvectors to 
model 3 degrees of 

freedom…



l Assumes that data are distributed as 
a Gaussian => may not be true

l Fitting data in an hyperplane (linearity)

l If there is a model for data generation
=> fit the model (e.g. using regression models)

l Are the principle component vector
good for classifications ? maybe not.
use of the classe label 
(cf Linear Discriminant Analysis, LDA)

Limitations 
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Extensions

l Probabilistic PCA
l Fully generative model
l Allow training using EM algorithm for training, mixtures of PCA

l Kernal PCA
l Use non-linear mapping functions (cf later course on SVM)

l Other linear/non-linear feature reduction techniques
l Isomap, Kohonen maps
l Locally Linear Embedding
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Summary about PCA
l Interest

l Curse of dimensionality: high-dimensionality data difficult to manipulate
l Intrinsic data dimension is usually small

l PCA
l Feature reduction technique, unsupervised (no data label)
l Project initial data points with a linear projection
l Projection directions given by eigenvectors of covariance matrix
l Projected points keep maximum variance of initial training points

l Application
l Data compression: less coordinates needed – efficient storage
l Visualization: project high-dim points into 2D or 3D
l Synthesis of new data point feasible
l Noise removal: keep only the essential information

=> positive effect on subsequent steps
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overview

l Graphical models fundamentals
l bayesian networks, representations
l probabilities factorization
l conditional independence
l undirected graphical models

l Learning
l Maximum Likelihood, Bayesian learning, Maximum a Posteriori (MAP)
l the EM algorithm, latent variable models (GMM, HMM)

l Continuous Latent variable
l Principle Component Analysis (PCA)
l Probabilistic PCA

l Inference algorithms



PCA - Summary

l Way to remove correlation between points
=> reduce dimensions through linear projection

l Data driven: training samples
l compute mean and covariance

l find largest eigenvalues of covariance matrix
=> sort eigenvectors ui by decreasing order of eigenvalues
=> form matrix

l lower dimensional representation of datapoints is given by

l approximate reconstruction 
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yn = UT (xn � x̄)

U = (u1, . . . ,uM )

x̃n ' x̄ + Uyn

Probabilistic view of PCA => probabilistic PCA

l PCA: algebraic view of data

l Alternative
=> find a lower-dimensional probabilistic description of the data
=> PCA as maximum likelihood solution of a probabilistic latent variable model

l What are the advantages ? what do we gain ?

=> we first present the model and then show its added properties
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Probabilistic PCA – Generative process

l Generative process : from latent (low dimensional space) to data space

l draw

l draw
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z

p(z)

bz

x2

x1

µ

p(x|bz)} bz|w|

w
x2

x1

µ

p(x)

p(z) = N (z|0, I)ẑ � N (z|0, I)

x̂ � N (x|Wẑ + µ, �2I) p(x|z) = N (x|Wz + µ, �2I)

x = Wz + µ + �
- random white noise
- uncorrelated with z
- isotropic in data space

✏ � N (✏|0, �2I)

- dimension D x M 
- column vectors define
subspace in data space

places origin in 
data space

l model parameters : µ,W, �2

z 2 IRM

x 2 IRD

l Model defines a probability density in data space
l Note : distributions are Gaussians => all involved distributions are Gaussian

l mean and covariance of  

Probabilistic PCA – Generative process

l Generative process : from latent (low dimensional space) to data space
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z

p(z)

bz

x2

x1

µ

p(x|bz)} bz|w|

w
x2

x1

µ

p(x)

p(z) = N (z|0, I) p(x|z) = N (x|Wz + µ, �2I)

p(x)

p(x)

IE[x] = IE[Wz + µ + ✏] = µ

cov[x] = IE[(Wz + ✏)(Wz + ✏)T ] = IE[WzzT WT ] + IE[✏✏T ] = WWT + �2I

p(x) = N (x|µ,C) C = WWT + �2I

© chris bishop



l Note: unidentifiability of matrix W in data space
l select matrix

R:  M x M    rotation matrix in latent space

=> defines the same distribution in data space
=> due to isotropy in latent space
=> redundancy in parameterization of W

Probabilistic PCA – Generative process

l Generative process : from latent (low dimensional space) to data space
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z

p(z)

bz

x2

x1

µ

p(x|bz)} bz|w|

w
x2

x1

µ

p(x)

p(z) = N (z|0, I) p(x|z) = N (x|Wz + µ, �2I)

W̃ = WR

C̃ = W̃W̃T + �2I = WRRT WT + �2I = WWT + �2I = C

© chris bishop

Probabilistic PCA – Learning

l Link with PCA ? maximum likelihood PCA parameter estimation 
l Likelihood

l Optimization w.r.t. parameters: closed form solution
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X = {xn}

ln p(X|µ,W, �2) =

NX

n=1

ln p(xn|µ,W, �2)

= �ND

2
ln(2�) � N

2
ln |C| � 1

2

NX

n=1

(xn � µ)T C�1(xn � µ)

µML = x̄ ⇥2
ML =

1

D � M

DX

i=M+1

�i

Training data set

WML = UM (LM � �2I)1/2R

Columns given by the M eigenvectors corresponding to the M largest eigenvalue of SUM

MxM diagonal matrix has elements given by the corresponding eigenvaluesLM

arbitrary rotation matrix => non-uniqueness of W (cf previous slide)R

eigenvalues sorted in descending order of magnitude�i



Probabilistic PCA vs  PCA

l Comparison with PCA

=> (taking R=I) similar expression (except -σ2 scaling), in a probabilistic framework
=> recovers PCA when σ2 tends to 0

l variance 
variance associated with discarded dimensions  cf variance of reconstruction error in PCA

l projection in latent space – it can be shown that for the ML case

l Recover PCA case when σ2 tends to 0 (but probability distribution get ill-defined)

l Note: this does not correspond to an orthogonal projection 
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⇥2
ML =

1

D � M

DX

i=M+1

�i

x = x̄ + WMLz + noise x̃ ' x̄ + UMy
cov(y) = LM

PCA : reconstruction

cov(z) = IMWML = UM (LM � �2I)1/2

p(z|x) = N (z|IE[z|x], ��2
MLLM )

IE[z|x] = L�1
M WT

ML(x � x̄) yn = UT (xn � x̄)

PCA

Probabilistic view of PCA => probabilistic PCA

l What are the advantages ? what do we gain ?

l Probabilistic PCA: constrained form of Gaussian distribution on p(x)
l number of free parameters is restricted (compared to full covariance model)
l still captures dominant data correlation (compared to diagonal covariance model)

l Generative process (we can sample random vectors)

l Likelihood function of data points
more informative than the PCA reconstruction error
allow comparison with other probability density models
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new point, far from data, but 
low reconstruction error

eigenvector



Probabilistic view of PCA => probabilistic PCA

l What are the advantages ? what do we gain ?
l latent space model => derivation of computationally efficient EM algorithm for 

PCA, that does not require computation of covariance matrix

l Probabilistic model + EM => handling of missing values in the dataset
(allows PCA projections even if there are missing values in the input values)

l Principled extensions to other models and particularly Mixtures of probabilistic
PCA models
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mixture with two
components 

Probabilistic PCA : a specific case of Factor Analysis

l Factor analysis : same principle, but noise in data space is not isotropic

l Notes 
l in FA, the covariance is still taken diagonal, so that the components of x are all 

independent conditioned on z (this is true of course for PPCA as well)

l in this case, no closed-form solution for the estimation of parameters (W and ψ) 
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p(z) = N (z|0, I) p(x|z) = N (x|Wz + µ,�)

p(x|z) = N (x|Wz + µ, �2I)vs isotropic noise in PPCA

general diagonal 
covariance matrix



Conclusion : Probabilistic PCA

l Probabilistic PCA: classical probabilistic method for finding low-
dimensional representation of the data 

l Continuous latent model with closed form solution 

l Extends to more models (Factor analysis, mixture models)

l Presents advantages compared to traditional PCA (eg handles missing 
components in the data)
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