
HMM - Preliminaries

Covariance structures 

Expectation-maximization (EM)



Parameters estimation in GMM… in 1893 



Parameters estimation in GMM… in 1893 

54 pages!
Proposed solution: 

Moment-based approach 
requiring to solve a 

polynomial of degree 9…

… which does not mean that moment-
based approaches are old-fashioned! 

They are actually today popular again 
with new developments related to 

spectral decomposition.
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Expectation-maximization (EM)
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Expectation-maximization (EM)
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E-step

M-step

Converge? Stop

Initial guess



EM for GMM
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K Gaussians
N datapoints

EM for GMM: Resulting procedure 

8

These results can be intuitively 
interpreted in terms of normalized 
counts.
EM provides a systematic approach 
to derive such procedure.

 Weighted averages taking into 
account the responsibility of each 
datapoint in each cluster. 



EM for GMM
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EM for GMM: Local optima issue
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Local optima in EM
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EM will improve the likelihood at each 
iteration, but it can get trapped into 

poor local optima in the solution space

 Parameters initialization is important!
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The introduction of a 
regularization term can change 
the shape of the solution space

Regularization of the GMM parameters



Regularization of the GMM parameters

Tikhonov regularization with isotropic covariance:

Regularization with minimal admissible eigenvalue:



Covariance structures in GMM
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Subspace clustering

15

Subspace clustering aims at
clustering data while reducing 
the dimension of each cluster 
(cluster-dependent subspace) 

Considering the two problems separately 
(clustering, then subspace projection) can 
be inefficient and can produce poor local 
optima, especially when datapoints of 
high dimensions are considered.

K clusters
N datapoints
D dimensions (original space)
d dimensions (latent space)



Example of application: Whole body motion

 About 90% of variance in walking motion can be explained by 2 principal components
 Each type of periodic motion can be characterized by a different subspace 
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Walking WalkingRunning

 Requires clustering of the complete motion into different  locomotion phases
 Requires extraction of coordination patterns for each cluster

Image: Dominici et al. (2010), J NEUROPHYSIOL



Mixture of factor analyzers (MFA)
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A taxonomy of parsimonious GMMs

18

[C. Bouveyron and C. Brunet. Model-based clustering of 
high-dimensional data: A review. Computational Statistics 
and Data Analysis, 71:52–78, March 2014]

D is used in this lecture 



Sharing of parameters in mixture models
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H

Summary of relevant covariance structures 
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Labs
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Teguh Lembono

Python notebooks and labs exercises:
https://github.com/teguhSL/ee613-python
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EM for GMM
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EM for GMM

25



EM for GMM
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Mixture of factor analyzers (MFA)
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Mixture of factor analyzers (MFA):
graphical model
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Mixture of factor analyzers (MFA)
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Mixture of factor analyzers (MFA)
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Estimation of parameters in MFA
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Alternating Expectation Conditional 
Maximization (AECM)
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AECM for MFA (UUU model in McNicholas and Murphy, 2008) 

covariance as in GMM



AECM for MFA (UUU model in McNicholas and Murphy, 2008) 

34

Same as standard GMM

covariance as in GMM



Mixture of probabilistic PCA (MPPCA)
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covariance as in GMM
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GMM with semi-tied covariance matrices

H
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GMM with semi-tied covariance matrices



GMM with semi-tied covariance matrices
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GMM with semi-tied covariance matrices
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covariance as in GMM


